KEPAAAIO

Merpikég 2 XE0€1G

To Ke@AAoo 0LTO OLGYOAEITAL OVGIAGTIKA LLE TOV TPOGOLOPIGUO TV GTOLXEI®V
TOV TPLYOVOL OV €Vl YVOOTEG 01 TAEVPES, KOOMG Kot PE UETPIKES GYECELS
OTOV KUKAO. XT1G HETPIKEG GYECELS 6TO Tpiymvo mapovstaletat To [Tubayodpeto
Becdpnuo Kot 1 YEVIKEVOT| TOV UE GUEST) EPAPUOYN GTOV TPOGOIOPIGHO TOL
€100V TOV TPLYDOVOV MG TPOG TIG YMOVIES TOV - OKOUO KOl GTOV TPOGIOPITUO
TOV YOVIOV TOL, OV YPTGLLOTOGOVLE TOV 1G0SVVALO VOLO TV GUVILTOVOV
— kaODC Kol TOV VYOV ToL TPLy®voL. Katomv vroloyiloviat ot Stpesot e
T 000 BepPNUATO TOV SUUECWHV.

To ke@dAa10 OAOKANpOVETAL LE TO BEDPM O TELVOVGHOV 0Td TO 0010 TPOKV-
TTOLV Ol PETPIKEC GYECELG G€ KOKAO.

181

S—r



KE®PAAAIO 9

Kaluwup Morépirg (Pdoog, 1878 - 1935), « Yréprato», tpiv 1o 1915.
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METPIKEZ 2XEXZEIZ

MeTpixés oyéoeis 6To TPiywvo
9.1 Op0Oég npoBonsg

Ac¢ Bempnoovpe pio evbeia € kot éva onpeio A mov dev aviKel
oe avtn. To iyvoc A’ g kKabétov mov pépovpe amd to A mpog
™V € 10 Mue opOn mpofoif f| anhodg zpoffoii) Tov A otV €v-
Oela €. Av to onueio eivon onpeio g evbeiag, m.y. To B, tOTE
¢ TpoPfoin Tov B’ mavm oty € Bewpovpe 1o 1610 T0 B. TéhoC
optn mpoPoin tov tufpatoc I'A mhve oy gvbeia € Aéue T0
o I'A’ mov €xet og dxpa Tic opBEG mpoPoréc I, A’ Twv dik-
pov I A, avtiototya, tov Tpupatog A tave oty € .

|9.2 To IMvBayopeio Ocdpnpa

Ocsxdpnpa I

Yg Ka0g opBoydVIo TPiy®VO, TO TETPAY®OVO oS KAOETNG
TAEVPAG TOV EIvaLl (60 ME TO YIVOPEVO TNG VTOTEIVOVGOG
eni v wpoPoin TG TALVPAS VTG BTV VTOTEIVOVGA.

An6dEIEN

"Eoto Aowdv éva opboymvio tpiymvo ABT kot A n mpofoin
g Kopueng A oty vroteivovoa Bl Oéhovpe va anodeiEov-
ue 61t AB? = BI' - BA kon AI'2 = BI' - TA.

r 5 AB B
w0 TV TPAOTH oxéon apkel va anodeiovpe OTL BA _ AR’
Ao o0tL Ta tpwwva ABI kot ABA etvon opota, to omoio
GYVEL QUPOV A=A= 1L xu n B siva Kown. ‘Opown omo-

dewcvoetan ko m oyéon A2 = BI' - TA.

Aoupdvrag tic AB? = BT - BA ka1 AI'? = BT - TA xatd péin
TPOKVTTEL TO EENG TOPIGULAL:

ITorizMA

Ye KG0g opBoydVio TPiywVo, 0 AOYOS TOV TETPAYOVEOV
TOV KAOETOV TAEVPAOV TOVL gival ic0g pe To AGY0 TV TPo-
Boi®v 10V TAVEO GTNV VITOTEIVOVGA.

Ocxdpnpa II (IMMvOayopero)

Yg kKG0g opOBoydvio Tpiymvo, To GOpolopa TOV TETPO-
YOVOV TOV KAOETOV TAEVPOV TOV €ival 60 NE TO TE-
TPpAy®Vo TG VTOTEIVOVGUC.
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KE®PAAAIO 9

Zyijua 3

Améoeln
O&hovpe dMradn (oy.2) va amodeiovpe OtL
AB2+AI*=BI? | o2=p*+7?
2Oppova. e To TPonyoVUEVO BedpPNaL EXOVLLE:
AB? =BI'-BA KOt AT2=BI''TA .
Me npdcheon TV 160THTOV KATA LEAN TPOKVTTEL OTL :
AB2+AT'?=BI''BA+BI''TA=
BI'(BA+I'A)=BI-BI =BI'2.

Ocdpnpa III (Aviiorpog@o tov IMvBayopeiov)

Av og Tpiyovo ABI woybdert AB? + AT'? = BI'? , t61e
A=1L.

Améoeln

[Tave otig mhevpég Ox, Oy opOng yoviog xéy Bewpovpe avti-
ototya tupata OA=AB kot OE=AT. Enedn 10 tpiyovo OAE
elvar opBoydvio soppmva pe to [Tubaydpelo Bedpnua kot v
vrdbeom, Exovpe

AE?2=0A?+0OE2=AB?*+AI'2=BI?2.

Apa AE = BI. Enopéveg ta tptymva ABI™ koaw OAE eivan ica,
yuoti £ovv Kot TIS TPELG TAeVPES Toeg, omote Oa eivar A=0 =1L,
mov gtvort To {nrovpevo.

Ocsxdpnpa IV

Xg KaOg opBoy®OVIO TPiy®VO, TO TETPAYMVO TOV VYOG
TOV 7OV GVTIGTOLYEL TNV VTOTEIVOVGO Eival i60 pE TO
YIVOPEVO TOV TTPOPOLAV TOV KAOETOV TAELPOV TOV
OTIV VTOTEIVOVGO.

Améoeln

‘Eotom AA 1o Hyog tov opBoydviov tprydvov ABI (oy.4), mov

avtiotolyel otV voteivovca. Ba amodeifovpe OTL
AA?=BA : AT

Ta tpiyova ABA kot TAA givor dpota, agov givar opoydvia
ko A, = I ¢ copminpopatikés e B. Emopévag, ot mhevpég
AA AT

ToVg gtvo avaroyes, dniadn BA = e onote AA?=BA - AT.



METPIKEZ 2XEXZEIZ

E®APMOTH 1In

Av 1o Tpiymvo ABI' givan opBoyomvio kol wocookeréc, TOTE :
a=V2 B.
Amooeln
[Ipdypatt, pue epappoyn tov [Tvbaydpeiov Bewpnpatog oto B N
ABT naipvovpe o2 = B2 +92=2p% 9 a=V2p.
A Y B
Zynpo 5

YXO0AIO

H epapuoyn avtn amodeixvoet Ty dvmopln tunuatwy ue appnro royo. Eivar alioonueioro ot eved eivar addvorny
1 UETPNON UE TO DTOOEKGUETPO TUNUATWV GPPHTOV UHKOVS, (OTOTO0 EIVOL OKPIPIG O TPOOTOLOPIOUOS TOVGS IUE YEW-
UETPIKES KOTATKEVEG.

E®APMOTI'H 2q
Av AA givar To Hyog 0pBoydviov Tprydvov ABIT mov avtictoyyei [
1 1 1

TNV VTOTEIVOVOX, TOTE WoYVEL — + — = —°

BZ ,YZ D(ZI
Amooeln p

2 2 2 A
, , 1 1 B +y a 1 vy
Emnedn av, = Py, &xovpe 611 — + — = —= —=—.
B By)  (av,)” v AL B
Zynpo 6

AYXKHXEIX I'lA AYZH

Epomosig Katavonong Kvkioore 10 ypouuo mwov avtiotoiyel oty owoth

i1, B e qee AT (2 —1L) &1 AB=6 OTAVTHON KOl OITIOAOYIOTE TNV OTAVTHOH 00G.
N 4. Xto mopaKdTw oynue vo. vroloyicETE To X Kal Y.

2. Av 0 Adyog TV kabetwv mhevpav evog opboywviov
Iyovov eivar 4, 10t 0 A0Y0S TV TPOPOLdY TOVG m
oY VIOTELVOVOO. EIVOL . .

f =
o. 2 b4 y. 16 0. ;

KovrAdate 1o ypdupo mov avroroiyel oty owoti ond-
VIHON KoL QITIOAOYHOTE THY OTGVINOY TOG.
3. Eva opboyadvio tpiywvo xel kaletes mAeopég loeg ~
pie 9 cm xau 12 em. H mievpd 106mievpov wiycévov mov 1+ 2€ opBoycvio tpiywvo ABI" (A=IL) pépovue to
éxer ion mepiuetpo e 1o ophoydvio iywvo eivar: oyog AA. Av givor AB=3 kou AI'=4, vo. vmoloyiotody
o. 10 cm p. 12 cm y. 13 cm 0. 14 cm. ta i) TV tunuaty BID BA, AI' kar AA.

Aoxnoeig Epnédmonc

185




KE®PAAAIO 9

2. Av oe opboyavio tpiywvo ABIC (fi = IL) eivou

B= 2Tt 0 Abyog — elvat ioog pe:
l4

1
o B 1 7. V3

Korddote o ypauuo wov aviiororyel oty owot ond-
VTHON KO OITIOAOYHOTE THY ano'cvrgcm’ 00G.
3. 2e opBoyavio tpiywvo ABI (A = IL) pépovue t0

0.2 e 3

25
owog AA. Av eivor AB=5 ko1 BA = 3 Vo o1otacete

koto. avéovoa oelpa unkovg to. qunjuoza: Al BI 1A
xo1 AA.

AT0OEIKTIKEG ACKIGELS

1. Na amoderyfei ot1 t0 TPiYywWVO, WOV EYEI TAEVPES
a = K’+A% B = 2Kk) kau y = K2 — A2, 6mov k, A Oetikol
oKépaiol e k>4, eivar opBoywvio.

2. Av AE, AZ givou avtiororyo. o1 mpofolés d0o yopdwv
Al kou A4 evog kdxlov oe pio d1aueTpo tov AB, va
omodsifere ot AZ - AE? = AT - AA?.

3. Av 4 eivar péoo s kabetne mievpas AT evog
opBoywviov tprywvov ABIT (A = IL) xou E n mpofolrn
tov o)) BI, t61¢ vo. amodeilere 611 EI? + AB?> = EB’.
21N ovvExELa J1aTALTE KoTa 0DE0Da0, GEIPC. UNKODS TA.
wuoza AB, EB, EI o

4. Avo opBoycwvia tpiywva ABI kow A'BT" (A=A4 = 11)
Yoy py = g Ko p, = ...

No amodeiete oti:
a=d

Ti

inp=p.

urepoivere yia to. ABI kou A'B'IT;

e 1000keléS tpiywvo ABIT (AB=AI) @pépovue o0
o¢ tov BE. No amodeilete ot

o?+p*+y’= 3BE? +2AE*+TE”.

Yvvleta Oéporta

1. Gcwpoiue opboyivio tpiywvo ABIT (/1 = IL) xoi t0
byog 100 AA. Av E, Z eivou o1 mpofolés tov A mave
otig AB, A" avticroyya, va omodeiete ot :

3
z)£=ﬁ ii) A4’ = BI" - AE - AZ.
AP IZ

2. Aivovrau 6vo koxiot (K,R) kai (A,p) wov epdmrovion
elwtepixa oto A. Av BI eivai 10 K01vo eéwtepiko epa-
mrouevo tunpe. tovg kot (0,0) o KDKA0G TOv eQOmTETOL
otovs (K,R), (4,p) kor oty B, va amodeiere oti:

1 1

1
ii) VR + \//—) Vo
3. Oswpodue tparéiio ABIA ue A=B=1IL. A M, N
10 péoa v roywviwv BA, AI" aviicroryo koi K t0
onueio toung s AM ue ™ BI” vo, amodeiéete ot -
i) to0 ABKA eivau opBoycvio,
ii) A — AB?> = 4MN°.
4. Xe kdbe opBoywvio tiywvo va amodeilete Ot
2ul = py.
5. Gewpodue kvxio (O,R), diduetpo tov AB Kkou uio
xopoin tov IA mov téuver v AB oto E kou oynuotilel
ue ooty yovio 45°. No. arwodeiéete ot

EI? + EA? = 2R R

6. Oswpovue opboyawvio tpiywvo ABIT (A = IL) kou t0
Oypog o0 AA. Av x, y ko1 @ &ivor avtioToryo, To. unKn
OTIOIWVONTOTE OUOAOYDV YPOUUIKDV GTOLYEIWV TV TPI-
YOVOV (TT.). OLOHECDY, DYDYV, OKTIVOV EYYEYPOUUEVOY
kOrAwy ktl.) AAB, AAT kox ABI t6te x> + )7 = @’

i) BI'=2VRp

|9.3 I'eopeipik€g KATAOKEVES

Me gpapuoyn tov IvbBayopeiov Bempnpatog Kot Tov Bewpn-
patog IV avtipetoniovpe ta mapakdto Pacicd mpoPAnuata
YEOUETPIKAV KATACKEVDOV EVOVYPOUUUOV TUNUATOV .
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METPIKEZ ZXEZEIZ

ITPOBAHMA 1

Av a, B givor YvooTa TUNOTO, VO KOTOGKEVAGETE TO TR Kk , wov opileTon amd Tnv

wotnta : (i) k= Va2 +p2, (i) k=Va*-p.

Adon

(i) H doouévn wodtta ypaeetot 1oddvopo k? = a? + B2, ondte
10 {nrovpuevo Tpunpa k ivat vroteivovsa opboydviov Tpry®dvou pe
Ka0eteg TAELPES a, P.
Enopévog, av mive otig kdbeteg mhevpég (oy.7) Ox, Oy piog
opOMg yoviog X(A)y mhpovpe avtictorya to onueia A, B, ®ote
OA=a xou OB=B, t61e

AB? =0A2+0B? =a?2 +B?

Kot emopéEVeg To Tunpe AB etvar to (nrodpevo tunua k .
Etvar avepd 6tt 10 tpunqpa k Koatackevdaletal yio omolodnmote
Tuuata o, B.

(ii) H ocpévn o6t ypdeetar icodvvaua k? = a>—p2 n onoia
onpaiver 6t to (nroduevo tunqua k eivor n pila kaBetn TAevpd

BlY
B k
] X
(0] o A
2o 7

0pBOYdOVIOL TPLY®VOL pE VTTOTEIVOLGO 0 Kot GAAN kaBeTn TAgvpd To B. H xataokevn| eivat

opota g (1).

ITPOBAHMA 2

Av a, B givol yvooTd TUROTAE, VO KOTOGKEVAGETE TO TUNNO X , TOV OPIETOL OO TNV

w6étTTO X = \/@. To Tpqpa x givon N éoy avdloyoc TV a, P.
Avon

H Soopévn 166tnTa ypaeetar 1odbvapo x> = af 1 omoio onpai-
VEL OTL TO X €lval TO VYOG TOV 0pBOYDVIOV TPLYdVOVL, TOL Ywpilet
TNV VIOTEIVOLGA GE dVO TUNHOTA G0 pE o Kot B avTicToyo.
[Maipvovpe emopévmg oe pio evbeio dStadoykd ta tupata AB=a
kot BI'=B (0%.8). I'pdpovpe nuikdkiio dapétpov Al ko oto B
vydvoupe kabeto otnv AT, oL TEUVEL TO NUIKVKAL0 6T0 A. Xym-
patifovpe to tpiyovo AAIT 10 omoio givar opBoymdvio (AZII_).
Enopévag éxovpe AB? = AB - BI' = off ka1 kotd cuvémela o
tunua AB glvar to {nrodpevo. Eivar avepd o6t to Tunpa X Korto-
oKeVALETOL Y10 OTTOLOONTOTE TUNHATA O, [.

2yjua 8
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KE®PAAAIO 9

ITPOBAHMA 3

Av 0 givan yvOoTO TUMNA, VO KOTOOKELOOOEL TR RO (60 pe V2a,V3a,V50,...,Vva
[LE V QUOIKO peYaAvTEPO 1 60 TOL dVO.
Avon

Av x =V2 a, to1€ Xx* = 202 = a? + a2 | | onoia onuaivel 0Tt

10 X pumopel va katookevactel (6y.9) wg vroteivovoa opbo-
YOVIOU KOl 1G0GKEAOVS TPLYMVOL HE KABETEC TAELPES 1oEg
pe a. 'Etot to OB givon to {nrovpevo tpuqua.

Avy =3 a, 1618 y? =30’ = o? + 202 = o? + x?> WOV on-
noivel 611 1o y eivan voteivovso opHoydVIOL TPLYdVOL e
KkaOeteg TAELPES O KoL X . Av Aomdv pépovpe KABeTo GV
OB o7o B xot méve oe avt mdpovpe onueio I, dote BI'=a,

161 O =V3 0, onradn y = OI. Xvveyilovtog pe avtdv Tov
TPOTO KOTOGKEVALOVE SLOOOY KA TOL TUTLLOTOL V2a,V3ia, Via, ..., Vva

/

IXTOPIKO X HMEIQMA
H avaxaioyn g acoppeTpiog

Apyucd ot TTvBaydpetot TioTELAV OTL 0 AOYOG
0l1OVONTOTE (PUGIKAV 1) YEQUETPIKOV) HEYEODV
UTopel va EKPPOOTEL WG AOYOG PUOIKAV 0p1O-
pov. Ewdkotepa, Oswpovcsov 0Tt OAL To T Lo~
Ta gival oOppETpa, dNAadN Yo OTOLOONTOTE
dvo tpunpata AB kot TA vadpyet tuqpa EZ mov
TEPIEYETOL aKEPOLO aplOUd POp®V TOGO OTO
AB, 600 ka1 1o T'A.

Opmg cOvTopo EKovay [a oVaKGADYT TOL
éuelde va Klovioel v memoibnon Tovg avTi.
Bprkav 0t1 vapyovv peyébn mov dev eivan
ovppeTpa. Agv yvopiloope pe Befoartdtnta Tolo
axpBdc TpofAnia 0dnynoe Tovg apyaiovg Ei-
Mveg oty avakdioyn ovt. Ot 1oTopukoi
€YOVV TTPOTEIVEL KATA KOLPOVG TOAAEG EKOOYES.
H avakdloym oot propel va giye yivel T.y. ot
yeoueTpia, 6To TPOPANLO TNG ELPESTG TOVL KOL-
VOO HETPOL TNG SLoy@VIOV TPOG TNV TAEVPE TOV
TETPOYOVOV, 1 KATA TN HEAETN] TOV KOVOVIKOVD
dmdekaédpov, | 6T Bempia TNG LOVGIKNG, GTO
TPOPANLa TG dtaipeons g okTaPag, mov avd-
YETOL GTNV EVPECT TOL YEMUETPIKOD HUEGOV TV
apOuav 1 kot 2, otV aplOuNTIKT, 6TO TPO-
BAnuo Tov opiGpHod TOLV AOYOL, TOV TO TETPA-
yovo tov glvar i6o e 2.

H mpdt poptopio yioo tnv oamodeén g
acvppetpiog (oA Oyl Kat’ aviykn Kot 16Topt-
K@ TpdT™ amdden) amavtdtor oto «Avoiv-
TIKG "YoTEPO» TOL APIGTOTEAN, O 0TTOI0G OVOIPE-
PEL OTL M OTOSEEN TNG AGVUUETPING TNG dlaym-
viov pE TNV TAEVPE TOV TETPAYMDVOL YIVETOL LE
TNV €15 GTOTO amay®yN, YTt «ov vwotedei ot m
SLaETPOG Elval GOUUETPN e TNV TAEVPA, TOTE
0 Gptiog Ba 1oovTal e Tov TepLtTon. H mpotaom
v TOL APIoTOTEAN EpunvevETaL MG EENG:

A B

A r

Av vobécovpie 6L 1 mhevpd AB givar coppeTpn
1pog 1 daydvio AT, tdte 0 Adyog Tovg givar Ao-
: . ., AB_a
Y0G axepaiov apBumv, dnAad, AT E, o6mov
ot o, B dev etvon ko ot dvo aptiot. Tote, amd to
IMbaydpsio Bsdpnua Exoous AT? = 2AB2
2 2
© = l’ n Bzzzaz'

ETCOHéVCOQ, ﬁ = ? = D)

/
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/

N

IXTOPIKO XHMEIQMA

Avtd onuoiver 6t o B? eivan GpTiog ko Emops-
vog kot 0 B glvor aptiog (dnAadn g HopeNg
B=21). Tote 0 a mpémet va givar meptttog (apod
ot a, B dev eivan kot ot dvo dptiot). Opwmg toTE
(20)? = 202, 1| 4A%=202, 1] 20% = 02 Kl EMOUEVOS
0 o? efvon @ptioc, omdTE Ko 0 o givon GPTIOG,
mov gtval dromo.

[lpéner va onpeidoovpe OTL 1 AmOOEEN
avt €yel kabapd aplOUNTIKO YOPOKTNPO KoL
ompiletar ot Bewpia TOL APTIOL KoL TOL TTE-
ptrtTov (onAadn ) Bempio drapeTdTnTag 1o 2)
7ov giyav avamtoget ot [TvBayodpetot.

Ipiyopo Bpébnkav kot GAla acOupeTpo
tunqpoto. Edikotepa, o @cddwpog o Kupnvaiog
(té\n tov Sov ot 7.X.) avakdAvye OTL Ol TAEL-

pEG TV TETpAYOVOV pE euPadov 3, S, 6, 7, 8,
10, 11, 12, 13, 14, 15 etvon acOupetpeg pe
dloy®dvio TOL TEIPAYOVOL UE TAELPES TN
povada. Emiong, o Ogaitntog anédeiée 6tL av 10
eUPadov evog TeETpay®VOL ekppaletan pe Evov
apud N mov dev eival TETPAY®OVOG, TOTE M
TAEVPE TOL Elvol AGVUUETPN UE TN povada. Me
N dev
gtvar pntog apibpog. O BeaitnTog TPOYOPNCE
TOPATEPO. TIG EPEVVES TOV Kot amESEIEE OTL Ko

cuyypovn oporoyia, av N # o, tot€ 0

6A0t ot aptBpoi Tng Lopeng \z/ﬁ, 6mov N puot-
KOG apiuog oev eivor télelot kbPotl. Emiong
g&étaoe appnrovg g popeng VM + N, VM +
VN, VVM + VN.

l 9.4 I'evikevon tov [NvOaydpeiov Oswprparog

To [MvBayopeto Bempnpua ekPpAaletl To TETPAY®VO pHiog TAELPAG
TPLy®VOL oL Bpicketor amévavtt amd opdn yovia, ™G Tpog TIc
dvo dAAeg mAevpés. [Tpoxvmrel, Aowmdv, TO EPOTNLA: TO TETPA-
YoOVO piog TAELPAS TPLY®VOL TToL BpiokeTon amévavTt oe o&ein
N aupieio yovio pmopel vo ekppacOel w¢ cvuvapmon tov
GAA@V TAELPOV; ATTAVTNOT GTO EPATNLO AVTO JIVOLV Ta OKO-

AovBa dvo Bewprpara.

Osxopnpa I

To TeTplrymvo Thevpdg TPLry@VOUL, TOL PpiockeTon améva-
VTl amo oeia yovia, givan ico pe 10 GOpoopa TOV TE-
TPAYAVAOV TOV d00 GALOV TALVPAV TOV, ELUTTOUEVO
KOTA TO O1TAdolo yivopevo TG piag and avtés et Tnv

npoforn TG GAing Tdve o€ avTi.

Av dnAadn| og éva tpiyovo ABI (oy.10) etvon m.y. A< 1L xou
AA n mpoPoin g TAevpds Y mhve ot B, totE 1oYvEL OTL

o’ =p> +y* —2B-AA.

Améoedn

And ta opBoyovia tpiyova ABIL, ABA éyovpe, pe epappoyég

2ynuo 10
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tov [TvBaydperov Bempnpatog avrtictoya :

02 =AB?+ATI'? ka1t AB2=y2-AAZ.
Enedn etvan A<1L taATl Bpiokovtol mpog To 1010 pEPog Tov
A Ko 101KOTEPQL:

eav I'<1L 10 A givar petacy tov A, I' (oy.10a), ondte
Al =B — AA.

eav T>1L 10 I givon petatd tov A, A (ox.10B), ondte
AT=AA-B .
Ao T1c 000 TEAEVTOIEG 1GOTNTES TPOKVTTEL OTL
AT?2=(B-AA)’ =p2+AA2-2B-AA .
Me avtikatdoToon auTng TG oXEoNS Kot TG
AB? = y2 — AA? o o2 = AB? + AT mpokimret 0Tt
a2 =y2—AA2+B2+AA2-2B-AA=P2+72-2B-AA ,
oniadn n nrovpevn wwoHTTO.
« av téhoc T' =1L, 10 A ovpmintel pe 1o I kat 10 opboydvio
tpitymvo TAB &iver a?=v2 B2 nov ypdeetol
a?=Pp2+y2-2B-AA , apod AA=B.

Ocdpnpa Il

To teTpdymvo mievpdc TPry@VOL OV PpickeTonr amé-
vavtL oo opPreio yovia eivon ico pe to a0poropa Tov
TETPAYOVOV TOV 000 AALOV TAEVPAOV, AVENUEVO KOTA

70 OuwTAGo0 Ywvopevo TG piog amd ovtéc emi TV
npofoir] TS AAANG TV o€ aVTY|.

Av dnhadn o€ éva tpiymvo ABI (oy.11) sivon m.y. A> 1L ko
AA n mpoPoin ¢ mhevpdc Y Tave ot P, ToTE 1oYvEL

o> =PR>+y2+2B - AA.

Améoedn
Ao 1o opfoyovia tpiyova ABI kot ABA, maipvovpe avrti-
ool

a?=AB2+AT? xou AB?2=y2-AA?,
Eneidn A > 1L, to A Bpioketon oty mpoéktacn s [A mpog
10 A ko emopévaog AT =B+AA ondte

AT? = (B + AA) = B2 + AA? + 2B - AA.
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Me avTikoTdoTtacn tov oxéceav AB? = y? — AA? kot

AT’ = (B +AA)" =B* + AA” + 28 -AA
ot oyéon a2 = AB? + AI'%, mpoxdmrel | (roduevn 66Tt
ol =y> —AA’ +B° + AA® +2B-AA =B +v* +2B-AA .

And to [TvBarydpero Bepnpa Ko ta tponyovpeva Bewprpoto
I ko IT mpoxvmtet dpeca 0t o€ kK4be Tpiywvo ABIT Eyovpe :
(i) Av A<IL, té1€ 02 < P? + %,
(i) Av A=1L, 167 02 = p* + v,
(iii) Av A>1L, T61E 02 > P2 + 2.
ATodgvOETON OUOG, LLE OTTOY™YY] GE ATOTTO OTL IGYVEL KO TO OVTi-
otpoo Tov (1), (ii), (iii). [Ipdyport, av Ty, wydet o < B2 + 2 dev
UITOpEL VoL 1oYVEL AL n A>1 L, ywri tote amd TG (i) won (ii1) Oo
elyope o2 = B2 +y? 1 o2 > B2 +y2 avtictorya, Tov givar dTomo, apov
o2 < B2+ Apat A<IL.
Opoto, 0modekvuovToL Kot ot GAAEG TEPUTTOGELS,

"Etot épovpe to axdAovbo mopiopa:

ITorizMA

Y¢ KGOe Tpiyomvo ABI woyvovv o1 1codvvapies:
(i) o> B2+ 72, av ko1 pévo av A>1L,
(i) @2 = B2 + 72 av ko pévo av A=1L,

(iii) o2 < B* + 72, av Ko povo av A<IL.

2Opeova e To TOPIoUE aVTO Kol NN o€ kdbe tpiymvo
peyoAtepn mAevpd Ppicketor amévavit 6T PEYOADTEPT YO-
via, oLYKPIVOVTOG TO TETPAY®VO TNG HEYUAVTEPNGS TAELPAG
evOg TPLYdOVOL pe To GOpoIoUa TOV TETPUYOVOV TOV GAA®OV
TAELPOV TOV, SOMIGTMOVOLLE OV TO TPiywVo €ivarl o&uydvio,
opBoydvio 1 appfriuydvio.

ITAPAAEII'MA

Av og éva tpiyovo ABI etvan a=8, =10 kot y=7, Ba £yovpue
B?=100, o + y*> = 64 + 49 =113 dnkadn p? < o? + y%, omdte
B<IL xau EMEON M B siva N HeEYOADTEPY YOVia TOV TPL-
y®vov, to Tpiywvo Ba ivarl o&uydvio.

YXXOAIO

Etvar pavepo ou to wapomdvo
Oewpnuazo I ko Il amotelody
yevirevon tov IHvBayoperov Oew-
PHUATOG, (iq)oé oty TEPITTOON
mov eivor A = 1L, ta Oewpruazo
avTd Oivovy ¢ ELOIKN TeEPI-
wrwaon to Ivboyopero Oewpnua.
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Térlog amd ta Bewpruata I kot I ekppdlovtag v mpofoin
AA ®G TPOog T0 GLVA TPOKVTTEL TO EMOUEVO TOPIGHLAL:

NoMOx TON XYNHMITONOQN

Ye kaBe Tpiyovo ABI woyvel n oyxéon

a2 = B2+ y2 - 2By - cUVA.

E®APMOI'H 1q

Av peto&d Tov mhevpav o, P, Y evég Tprydvov ABIT A
woyveLy = Va2 + B +V3ap, téte :

(i) va amoodcilete 6TL TO TPiy®Vo givar apfroydvio,

(ii) va vworoyioete T YoOvia I.

A'l’)("] 8&
(i) Am6 ™ doopévn 16OTNTA TPOKVTTEL OTL M ¥ €lvon 1 pe- A T B
yaOtepn TheVPA Kot emmAfov OTL y2 > o + B2, omdte M Sytfua 12

yovia I' etvar appireio.

(ii) Emeon n yovia [ sivon apPieio, copeovo pe To Bedpnua apPreiog yoviog Exovue:
Y=o+ p2+20-TA (1).

Ao Vv voBeon Opwg Exovpe

Y=+ +V3ap (2).

V3
Ao 116 (1) ko (2) mpokvmrel 61 TA = By B. Epapuodlovtag to IMubaydpeto Bedpnua 6to
. B AT

Tpiyovo AAT &yovue AA? = B2 -TA? = %, ondte AA = 7= mov onuaivel 4t IA“E‘g =30°

KOl ETOUEVMG I'=150°.

E®APMOTI'H 2q

To vyoc v, evog Tpry®@vov ABI divetan oo Tov TOmo

2
v, =~ Vi - 0@ -BE-),

1
omov T = 3 (o + B + v) n nuumepipeTpog 10V TPLYOVOL. AVALOYES EKPPAGELS LGYVOVV

KOl YU 70, GALa VY1) vy KoL v,
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Epomosig Katavoneng 4. Aivetan oévyddvio wiywvo ABI ue AB = 4cm, AT =
1. 270 TopoKdTmn GYiUo Vo COUTINPOOTE TO. KEVE: Sem kow ABA = 30°, 6mov BA to dyog tov. Na vrwolo-
. y100¢i n whevpd tov Bl

AT0OEIKTIKEG ACKIGELS

1. O1 mlevpés evog tpryovov ABIT Eyovv unkn
AB=9cm, BI'=7cm xou AI'=12cm. Na vmwoloyioOei to
unkog g mpofoins e Bl wavw otnv AB.

2. Na amodeiere ot e ke tpaméio ABIA ue fooeis
AB, I/ 1oyve1 o1

AI'’ + BA? = AA? + BI'? + 2AB-TA .

)BI?=..+..+24B ...

i) BI?= ...+ .. + 24T ... 3. Av BB’, I'T eivou dyn evog olvymviov tprycdvoo
2. Na fipetei to eidog tarv yovicsy tpiysvov ABI'6tav:  ypr o uroseizers 6u o = B-IB' +y B .

i) B2 =3a +

i) y? = -, 4. Atveroa opOoydvio wiywvo ABL (A = IL). Ipo-
iii) o’ — B? = 2y°. extetvooue v mhevpd AL kara IA=BI” Na arwodeiete
ALY e mlevpé auPlvydviov tprycdvov  dtt BA?=2BI-AA.

ABI t61¢ .... > o + .... (Na ovumdypdoete ta kevé). 5. 2e 1000kedés tpiywvo ABI' (AB=AI) pépovue ma-
4. Av oto mopakdrw oyiuo eivar AB = A" ko palinio g Bl mwov téuver tigc AB kou AI” oto A kou E
A = 120°, va dikowoloyfioete yioti o = 3p°. avtioroyo. Na amodeilere 611 BE’=EI?+BIAE.

A 6. Aivetau opBoywvio tpiywvo ABI” (/I = [L) ue mlev-

pés a, B, y. Yaapyel tpiywvo ue whsvpés So, 4P, 3y;
/%\
B I Yovleto Ofpata

1. Aiverou 10o0kelés tpiywvo ABIT ue AB = Al kou

Aokijosic Epnédmong A = 30°. No. amodeilere 611 a = B2 — «/3 .

1. Na fetdoete av vmépyer wpiyovo ABI, ue a=6u, 2. Aivetou kbxlog diauémpov AB kar uia yopdi tov
B=5u, y=4u, omwov u Oetixij mapdustpoc. No eleraclei  1A//AB. Av M eivar toyaio onueio e AB, va amodei-
70 €100 TOV TPLYDOVOD WG TPOG TIG YWVIES TOD. Eete 6t MIP+MA*=MA>+MB>.

dpyel iywvo ue wikn mievpdy o=6, f=5, y=4, 3. Aiverai tpiywvo ABI ue o’=F+y>. No. amodeilere o-
vai, vo. vroAoyehody Ta. Dy TOv TPIYHVOU. 1 T0 TPIYWVO €Ival oCvymVIo.

- diverou tpiywvo ABI e a = V2, b= 1+V3, y=2.

Na vwoloyiaBel n yovio A.

|9.5 Oewpnpara Siapéowv

Ot emdpeveg HETPIKEG GYE0ELS TOL Ba LEAETNOOVE APOPOVV
TOV VTOAOYIOUO TOV SOUECHOV EVOG TPLYDVOV KOl TOV TPO-
BoAmV TOVG OTIG TAEVPEG, MG GVVAPTNGOT TV TAEVPDV TOL TPL-
YOVOV.
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To GOporopa TOV TETPAYAOVOV 600 TAELVPAOV EVOS TPLY®-
VOU 1600T0L IE TO SITAAGLO TOV TETPAYADVOL TI|G OLONE-
GOV OV TEPLEYETAL PETOED TOV TAELPAV GVTAV, CVEN-
REVO KOTE TO PIGO TOV TETPAYDVOL TNG TPLTIG TALLPAG.

Amooeln
‘Eoto tpiywvo ABI, 1 idpuecog AM=pn, Kot 10 Hyog AA. Av

AI™>AB, t6t¢ 10 i}vog A T0V U, PBplokeTon petald tov B, M
(ox.14) ko AMI'>1L, evép AMB<1L. Egpappoloope 1o
Beopnuo appireiog yoviag oto tpiymvo AMIT kot to Oedpnpa
oelog yoviag oto tpiyovo AMB. Tote Ba £yovpe otu:

(i) AT'?2=AM?+MI?+2MI"MA

(ii)) AB*=AM?+MB?-2MB-MA
[IpocOétovtag katd pHEAN avTég T oYE0ES Kot AapBavovtog
vtoyn 6t MB = MT éyovpe:

2
BT
AT? + AB? = 2AM? + 2MB? = 2AM? + 2(7) =

Bl | i’
=2AM’ = B2 +y2=2uf +— -
Avaroya €xovpe kat Tovg akdAovBovg THTOLG :
2 2
a?+p2=2p2 +y7 , a2 +y2=2u3 +B7 :
AmO TOVG TUTOVG ATOVG UITOPOVUE VO VITOAOYIGOVUE TOL TE-
TPAYOVO TOV OOUEC®Y OC CLVAPTNOT TOV TAELPOV TOV

TPLYDOVOUL:
22 +2y2 —a? , 20%+2y2-p2
W=, W=
¢ 4 4 4 ’
, 202 +2p2 -y
uy - 4 .

I'o tov vmoAoyopHd TV TPofordV TV SIUUECHOV GTIC TAED-
PEC TOL TPLY®VOL £yovpe To akdAovBo Bedpnpua.
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H d10@opd ToV TETPAYOVOV V0 TAEVPAOV EVOS TPLY®-
VOV 1600TOL PE TO OUTAGGLO YIVOUEVO TNG TPITNG TTAEL-
pac emi Tnv poPoin TG avtioToyyng SLpEGOV TAVE®
oTNV TAEVPA aVTN.

Améoeln

‘Eoto 61t AI>AB. Apapaovtog katd péin g oxéoelg (PA.
ITAPATHPHXH AmodeiEn Bempnuatog I):

Av 1o tpiywvo ABI eivor 1000Ke- (i) A2 = AM?2 + MI"2 + 2MT - MA

Aég (A" = AB) 1 100mAevpo 107e, (ii) AB2 = AM2 + MB? — 2MB - MA

0 M tavtileton pe 10 A ko1 to ; i

20 Oscopnuo Srouéowv 1oyder Ppickovpe 011

TOVTOTIKG.

BI'
AT2—-AB2=4MBMA=4—MA 1 B*—7?*=20-MA.

2

|9.6 Baoikoi yewpeipikoi tonoi

XPNOIUOTOIOVTOG TIS TPONYOVUEVEG UETPIKEG oyéoels Oa
UEAETICOVUE TO, TOPAKATO TPOPANLOTO YEOUETPIKMY TOTMV.

INTPOBAHMA 1

"Eotm A, B 600 ota0gpa onpueio ko k éva docpévo Tpipa.
Na Bpeite To ye@PETPIKO TOTO TOV onueimv, TOV 0TOiMOV
70 GOpOICHE TOV TETPAYAOVAOV TOV UTOCTAGCEMV OO TO A,
B wsovton pe K2
Avon
‘Eoto M éva onpeio tov ye@UeETPKoD TOTOL. ZOUOMOVO [LE TO
TpoOPANnpa Ba etvon :

AM? +BM? =k? (1).
Av O givar 10 péoo tov AB, 101€ a6 10 1o Bedpnua TV dapécmv Ba Exovpe

2ynuo. 15

AB? AB? 2k2 —AB?
AM?+BM? =2MO® +——<& k2=2MO? +——&MO=————— ).
Amo v 166tTa ovTn PAETOLE OTL TO TR MO €xetl otabepd pnKog.
, o A - , 2k’ ~AB®
Eto1 10 M améyet amod to otabepd onpeio O otabepr| andotoon ion pe — apa
; [ N2k2-AB?
Bpioketar oTov KOKAO - O’f .
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2k?—-AB?

Avtiotpo@a. Oa amodeiovpe 611 Kabe onueio M tov KHKAoL (O, 2 j etva Ko

onueio Tov {nroduevov yempeTpikon Tomov, dnhadf 611 oyvet AM? + MB? = k2. TTIpdyuort,
ard 1o 1o Bedpnua dStopécwv Exovpe

=k2.

2
AB? A2k? — AB? AB?
MA? +MB? =2MO? + 5 22( 5 J 4= 2

Enopévog o (nroduevog yempetpikdg tomog ivat o kOkAog mov £xel kKEvrpo O 10 H€co ToL

2k* — AB’
— 5
Alepevvner). Amapaitntn tpoindOeon Yo va vITAPYEL YEOUETPIKOS TOTOG Elvat

tunuoatoc AB ko axtiva ion pe

AB
2k2 - AB2 >0 k>~
V2

Otav &yovpe 160NTO 0 YEOUETPIKOG TOTOC amotereitor povo amd to onueio O.

ITPOBAHMA 2

‘Eoto A, B 0vV0 6t00epa onpeio ko k éva 6100epé Tpunpa. Na Bpeite 10 yeopeTpiko
1070 TOV oNuUEi®V, Y0 T0 0Tola 1| SLLPOPE TV TETPAYAOVEOV TOV UTOGTACEDV TOVG
an6 to A, B weovton pe K2
Avon €
‘Eoto M éva onpeio tov yeopeTptkov TOTOL. XOUPOVA
pe to mpdPAnua (yio AM > BM) eivan

AM? - BM?=Kk2 (1).
‘Eoto O 10 péco tov AB kot € 1 evBeio MHLAB 6mov
H n npoPoir| tov M néve otnv AB. Am6 to 20 Bemdpnpa

2 : 2 1
TOV JLUECOV EXOVUE OTL A 0 ®© B
AM? — BM? = 2AB - OHk§:> k?=2AB - OH < Syiua 16
OH = 2).
2AB @

H w6étmrta avt deilyvet 611 1o pa OH givan otabepd. [apatnpodpe 6tL  Tpofoin| Tov
M méveo oto AB givar otabepn, dpa 10 M Bpioketon oty gvbeio €L AB o610 onueio H,

k2
6mov OH = AR kot Bploketan petald tov onueiov O, B.
k2
AvtioTtpoga. Eotm onueio H petaéd tov O, B 1é€t010, dote OH = 2AB

Am6 10 H pépoupe v kKaBetn gvbeia € otnv AB kot éotm M tuyaio onpeio g €. Oa amo-
deiEovpe 611 10 M givan onpeio tov {nrovpevov yempetpukov témov. [pdypatt and to 20
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Bedpnua dopéowv ggooue AM? — BM? = 2AB - OH = 2AB -

ntovuevog YeopeTpkdS TOTOG givor 1 €.

2

2AB

= k2. Emouévag o

Awgpeivnon. Av k = 0 givar MA? — MB? = 0 1 MA = MB, ondte 10 M 1oanéyel amd ta
onueia A,B. Tote 0 (ntovpevog yempetpikdg TOTOg eivar  pecokdetog Tov Tpuqpatoc AB.

AXKHXEIX I'TA AYXH

Epomosg Katavoneng
1. 2to mopoxatw cxnua n AM eivar diduecog ko A4
dwog. ot ayéon eivar owoty;

A

[ | r
B M A

i) AB®> + AT'? =2AM? +2BM”*
i) AB® + AI'? =2AM? +2AA?
iii) AB> + AI'? = 2Bl - MA

v) AB> —AI'’ =2AM? +2BM*
Artiodoynote v amxavinon cog.
2. 270 TOpOKAT® GYHIUO VO, COUTANPOGCETE TO KEVA.

i) MA?> + MB? = ... ST
i) MI? + MA? = ... 3F cooonoce
No eénynoete yrori MA? + MB? = MI? + MA>.
3. Av o wpiywvo ABI eivor > + y? = 507 t6re:
o 3a 3a 2a

ap,=5 Pr=7 rH= Op=—

Korlaote 10 ypapuo wov avtiotoyel oty owoth ano-
VTHON KOI OITIOAOYHGETE TV ATOVTHON GOG.
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Aoxnoeilg Epnédomong

1. Xe tpiywvo ABI épovue =7, y=6 kow u,=7/2. No
vmoloyieQodv: i) n Thevpd a, i) n ToPorn e droué-
oov ot Bl

2. Na amodeiere ot o€ kGO tpiywvo 1oyvel

2
a
ﬂ5+37>7'

3. Aiverar xvxdog (O,R), pua Siéuetpéc tov AB ko
éotw I A ta uéoo twv OA kou OB avtiotoiyo.

Av MI? + MA? = 5, émov M toyaio onueio tov kdxiov,
va vwoloyiobei n axtiva R.

4. Aiveron tpiywvo ABI eyyeypouuévo oe kvxio (O,R)
Kot éatw O 10 foplrevipo Tov.

No amodeilete oti:

3
i) ug o+ up+u =Z(az +B? +72),

1
ii) ®A% + OB’ +Or? =§(a2 + B2 +y2).

ATOOEIKTIKEG ACKIGELS

1. Aivetor piywvo ABI“,ueff =60°% =35 9=3 Na
vwoA0Y160€L 1 O161EGOS TOV [,

2. Aiverou 1000kerég tpiywvo ABIT (AB=AT) kou toyaio
onueio A g AB. Na amodeietre ot

_ Br'°-AA

==

AT? - AB?

3. i) Av ABIA opBoyavio kou M toyoio onusio vo

amodeilere 611 MA?+MI?=MB>+MA>.

ii) Av ABIA tetpaywvo kou onueio M oto eowtepiko

tov, dote MA = 1, MB=\/2 kou MI'=\/'3, va Ppebel

1 TAELPC. TOV TETPAYWDVOU.

4. Av MN eivou upéoo twv daywviwv AIBA evog

terpamievpov ABIA, va amodeilere oni
AB?+BI+IA*+AA°=AT*+BA*+4MN?

(Ocwpnua Euler).
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5. Zmnv vroteivovoa. BIT opBoywviov tpiywvov ABI
Oewpovue ta onueio A kai E térora, wote BA=AE=EI

5
Na omodeiéere 611 AA? + AE? = ;BF Z

3. Xe nuuxdriio dwouétpov AB = 2a Oewpodue toyaio
onueio M. Xwpitovue ) o1duetpo AB oe pia ioo
quuoza AI=IA=4B. Na amodeifete o o abpoioua
MA?+MB?+MI?+MA? givour otabepd.

4. Aivetar poufog ABIA mlevpis a, O 10 kévipo tov

6. Av oe tpiywvo ABI ioyxder BP+y’=2au_  va
oy A oxver Bty Ha Ko kvokiog (O,Aa), 2>0. Av yia toyaio onueio M tov

KOKAOV 1oy0EL MA?+MB?+MI?+MA*=1807, va. Bpebet
0 TPOYUATIKOS op1OuUog A.

5. Aiverou poufoc ABIA whevpds a, pe oaymdvio
BA = a. Eotw wyaio onueio P. No. amodeilete ot

a’ = (PA? -

vroloyiobei n yowvia A.

XovOeta Ofpata

1. A0 adélpio KAnpovounoay aypoTeucylo cyNioTos
ome(iov KOl ATOPATIoNY VO, TO HOIPGOODY OVOlyo-
vIag opouo mwov Ba evaver ta uéoa Twv mopoailniwy
TAevpv tov. Av o1 Paoeig givou Skm kot 6km, eva ot
un mopoiinies whevpés Skm kar 7km, mwooo Ba oroi-
xioel 1 owavorln tov dpopov, av 1 yiliduetpo dpouov
roaotiCer 50.000 opy;

2. Aivezoun tpiywvo ABI] e AI>AB xou M, N ta uéoo
TV whevopwv AB kar A" avtiotoiya. Av O 10 péoo tov
MN, vo. omodeilete oti:

PB2) + (PI”? — PA?),

O]'Q_OBZZM

Metpixés oyéoeis o€ KUKAO

l 9.7 Tépvovoeg KUKAOUL

Ag Bswpricovpe €vav kOkAo (O,R) kot éva eEmtepikd 1| ecm-
Tepkd onueio Tov P. And 10 P pépoupe dvo tuyaieg evbeieg
7oV TEUVOVV ToV KUKAO ot onueia A, B ko I, A avtictoiyo.
To axdérovbo Bewpnpa exkppalet 6Tt PA - PB = PT" - PA.

Ocsxdpnpa I

Av 800 10pdég AB, I'A 1] ov TpogkTaoES TOVS TEPVOVTAL
og éva onpeio P, tote 1oyl
PA - PB =PI - PA.

Amooeln

Ta rpw(ova PAT ot PBA givan 6pota, a(pov PAF PAB Kt
PI'A = PBA (Zt0 oy.17a épovpe ou PAT = PAB ywti to
TETPATAEVLPO €lval EYYPAYILO Kot 1 PAT civau e€mTEPIKN TOL
yovia. Xto oy.17p PAT = PAB WG EYYEYPOUUEVEG YOVIEC TTOV
Baivovv 610 1610 T0E0).

2ynua 17a
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Emopévoc, woyvet 01t

L H0
PA  PB

PA-PB=PI' - PA .

[Mopatnpodpe Lomdv OTL T YIVOUEVO TOV TUNUAT®V OV 0pi-
Covuv ot téuvovoeg evog kvkhov PA, - PA,, PB, - PB,,

PI", - PL,, ... mapapévovv otabepd. To yeyovog avtd pog odn-
vel o6t0 cvumépacua OTL Ta Yvopeva avtd eEopTOvVTOL LOVO
amo6 Tig B€oeig Tov onueiov P kot tov kdkiov (O,R).

2tV e01KN TEPIMTOOT TS EQOUTTOUEVNC, OTOV Ta. OVO orueio
iy 178 Topnc TawTiovtol, To Bsdpnua 1GYVEL.

Ozsxopnpa Il

Av a6 évo, eEmtepkd onueio P kokrov (O,R) @épovpe
70 gpomtopevo Tufpa PE ko pia gvbeio mov tépver
TOV KUKAO ota onpueia A, B, Tote woyvel 0TL

PE?=PA - PB.

Améoeln
dépovpe v evbeia PO 1 omoia téuvel tov KOk o ot onpeio
I' kar A. @étovpe OP = 9, omote and 1o Bedpnua I Eyovpe ot

PA-PB=PI'-PA=

=(6-R)(8+R)=8>-R*

And 10 [TvBaydpero Bempnpa oto Tpiywvo POE mporvntel 11

PE? = PO? - OE*= 4 - R?

Apa PE’=PA -PB .
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2TV TPONYoLUEVT OmOdEIEN ldape OTL av o gvbeia S1épye-
Tt amd éva eEmteptkd onueio P koo (O,R) kat téuvet tov
k0K O o€ onueia A, B 161e PA - PB = §* — R2. Opouo omodet-
kvdeton 6t PA - PB =R? - 82, av 10 P givan ecmtepikod onpeio
TOV KUKAOV.

H dwapopd 82 —R? Aéyeton ovvaun tov oyusiov P w¢ mpos

7ov kvKilo (O,R) kol copforiletan

AfOR) =82 -R2=0P2—-R2,

Ac e€etdoovpe Tt ovpPaivet 6tav To P givon ecwtepucd onpeio
OV KOKAOL N OTOv avnkel e aotov. Tote n dbvaun Tov on-
ueiov P wg mpog tov kdKAo (O,R) givor apvntikn 1 ion pe to
undév avrtiotorya.

Enextetvovtag, Aowmdv, tov optopd g ddvaung onueiov mg
TPO¢ KOUKAO KaTaAafaivovpe 0Tt oOVGLUGTIKG EKPPALEL TN OYE-
Tikn 0éom tov onueiov P wg mpog tov kdxkro (O,R), kabmg
eaptdrar povo amod to d, dNiadn v andotoomn tov P and to
KEVTPO Tov KOKAOL. Emopévac, £xovpe Otu:

* 10 P givon e€mtepikd onueio Tov kvkiov (O,R) av km

povo av
P
A(O,R) >0
* 10 P givan gcmtepkd onpeio Tov kvkiov (O,R) av ko
povo av
P
A( O,R) <0
* 70 P givan onpeio Tov kvokiov (O,R) av kar povo av
P =
A (0.%) = 0

Apvntikn
dovoun

2ynua 20
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E®APMOTI'H 1q

Av 000 Tppota AB kot A1) o1 TpogkTacEls TOVS TEUvovTaL o€ £va, onpeio P étol oote
PA - PB = PI' - PA, t0t€e T0 TeTplmievpo pe Kopveég ta onueio A, B, I', A givan gy-
vphypo.
Amooailn
Ag Bswpnioovpe T0 onueio topng P tov tumpatov AB, A 1§ tov tpoektdcedv toug (oy.17).

H docpévn oyéon PA - PB =PI - PA ypdopeton % = % KoL 0pov APT = BPA , TOL TPlyvol

APT'xon BPA 6a givon 6pota.
Enopévaog PBA = PI'A, omdte 10 teTpdmievpo givar yypayipo.

IMAPATHPHXH
H epapuoyn exppaler to avriotpopo tov Oewprpozog 1.

E®APMOTI'H 2q

Ag Osmpioovpe gvBeia € kol Tpia onueia e P, A, B, pe 10 A peraéd tov P ko B.
"Eoto onucio E gktéc g £vbsiog € tétor0, dote PE2 = PA - PB. Téte 10 tijpa PE
givan e@amtopevo otov KOKA0, TOL opilovv Ta onpeia A, B, E.

Amodailn

"‘Eoto (O,R) 0 kdkhog mov Siépyetar and ta onueia A, B, E (6y.19). Tote PE> = PA - PB =
OP?2 -R?=0P?-0OE?> 7 PE?+ OE?= OP? onote 10 tpiymvo OEP givar opboydvio ko
n PE gpdntetan otov kokio (O,R).

ITAPATHPHXH
H epapuoyn avty exppaler to aviiotpopo tov Oewprpazog 1.

Noa ownpeBei éva tpunpa AB, og 6v0 avica Tufqpata AL I'B @ote to peyoivtepo amo
ovTd vo gival pEco avaroYo TOV HIKPOTEPOL KLl TOV UPYLKOV gv0VYypapupov TuqpaTog.
Améoedn

‘Eotw AB = a ko A" = X 10 peyolhtepo amd to Tunpote oto onoio yopiletor 1o AB and to I
(ox.21). Tote I'B = o — x ko O wpémet va woyvet 1 oxéon: A2 =AB - I'B 11 x? = a(a—x) (1).
H oyéon (1) ypageton x> +ax — o2 =0 x (x +a) =o? (2).

o
"Eto1, Y10 vo KoTaoKELAGOLLE TO X YPAPOLLE KOKAO (O, E) OV EPANTETOL GTO EVOVYPOLLLLO

tunpa AB oto onueio B ko @épovpe mv AO, 1) omoia tépvet Tov KokAo ota onpeia A, E. Tote

S
N




METPIKEZ 2XEXZEIZ

et 61t AB? = AA-AE = AA(AA + AE) =
=AAAA+AB) 1 o =AA(AA+ a) omote 10 AA €xeL TO E
nrovpevo pnkog kot o I gtvan 1) Topn tov Kokdov (A, AA)
Ko Tov tpnpatog AB. A 0
A EE r B
Zynuo 21
YXO0AIO

1o mpofinua e droipeons evog evBDYPALOD TUNUATOS GE UEGO Kal GKPO AOYO EIVOL YVWOTO GHUEPO. KOl (G TPOPANILO.
e Xpvotjc Touijs. Me to mpdfinuo. avtd emiveton yewuetpixd n eliowon x> = a(a —x) 1 x> + ax — a’ = 0.
aN5-1) o : o a V5+1 X
———————, amd Omov TPOKHTTTEL 0T — = =
2 X
OV EIVOL 1] OVOAOYIOL THS «YPVOHGS TOUNGH.
n VIO THS «XPUOTHS TOUNGC, V541
O mapomdvw Adyog aopforiletor dieBvag ue To ypouuo. ¢, oniadn ¢ =

H Ostixcnj pilo. e eiowons x° + ox — a® = 0 eivar x =

5

2 a—x

O ovuPoliolog TPoEpyeTar amo T0 OVOuo., ToV YAOTTTH THS KAGOIKNG apxolotntas Petdio o omoiog KaTtaoKeDO.oE TOV
HopBevarva. Or apyaior EAAnves piAdcopor diamiotmaeoy 0Tt OTov euPavILeTal 0 A0yog ¢ (apyItektoviki], YAOTTIK)
KTh.), onpiovpyel v aicOnon ts apuoviag.

AXKHXEIX I'TA AYXH
Epomosag Katavonong Aoxnoseig Epédmong
1. No. mpoacoiopiabody o1 tiuég twv x, y, oto mapoxatw 1. Aiverar koxlog (K, 6) xor onueio A, wore AK=14cm.
oynuoTo.: Av amo to onueio A pépovue téuvovoa ABI wov téuver
2 a 70V KOKAO KoTd yopon BI'=6cm, vo vwoloyioete 1o AB.
’ AN 2. Av o¢ wiywvo ABI o kvklog, mov diépyetal amo o

A xou to. péoa M, N twv AB xou AI” avtictoiya, epd-
wreton ¢ Bl oto A, vo amodeilete on

AA’? = AB-AT'

6 3. Oswpovue kvkio (O,R) kou tic yopoes tov AB, I
4 PA  PA

mov téuvovtol oto P. Av 1oyder ot 5 = T va. amo-

ocicete Ot 01 yopoés AB, I/ givau ioeg.

4. No amodeilete ot1 N TPOEKTOON THG KOIVIHS YOPONS
000 TEUVOUEVWY KOKAWV dryotouel kdbe koo eCwre-
PIKO EQPOTTOLUEVO TUNIUO. TOVG.

2. [lowa n ovvoun onueiov P wg mpog xoxlo (O,R)

étav P=0; AmodeIKTIKEG AGKNGELS
3. Av o0 Simlavé ayfipa eivar 1. Tetpaywvo ABIA mlevpds o eivar eyyeypopEvo oe
4 %’R) — 4 e e T A xbrlo (O,R). Av E givai 1o puéoo g A4 ko n BE mpo-

EKTELVOUEV TEUVEL TOV KOKAO 0TO Z, VO, ATOOEILETE OTL:

a5

i) BE =
) 2

oxtiva. R tov kvKlov.

. ii) BE=SEZ.
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2. Ar6 onueio A extog kdxlov (O,R) pépovpe tévovoo
ABI kou_epamtouevo tufuo AA. Av i dyotéuos g
yoviog A téuver g BA,IA ota E kou Z aviiotoryo, va
amooeilete ott EB-ZI" = EA-ZA.

3. Av i d1auecoc AM tpryovov ABI téuver tov mepry-
yeypouuEvo koxlo oto E vo amodeilete ot

BI?
i) AM - ME = ~ ii) AB’+AI?=2AM-AE.

4. Aivetor kbvriog (O,R) ko evbeia & mov dev téuver tov
KOKAo. Ao onueio M g & pépovue Ta EPATTOUEVO.
unuozo MA, MB kou Ol Le . Av n AB téuver tyy O
oto N, va amodeilere 61t ON - O = RZ.A

5. divetar opBoywvio tpiywvo ABIT (A =IL), eyye-
ypouuevo o kvokio (O,R) xai to dwog tov AA. Av uero-
PAnty evbeio wov digpyerar amo to I téuver 1o dDwog
oto M ka1 tov kvklo oto H, va amodeilere oti

I'M-TH=TI4°

Yovleta Ofpata

1. Av n dyyorouog AA tprycdyvov ABI téuver tov mepi-
yeypouuévo kvrio oto E xai eivor AA? = AB - AL va.
amodeifere ot AE?=2ET".

2. Aiveror tpiycwvo ABI ue fP+y°=207 . Av i Siduecog
AM téuver tov mepiyeypouuévo kvkio aro A va

aV3

amoogilete ott MA = .

3. Ze wpiywvo ABI eivai p, = B3 p. Av M o Papo-

KevIpo 1ov Tprydvov ABI va amodeilete 6t1 0 mEeprye-
YPOUUEVOS KOKAOG TOV Tpryddvov ABM eparmreton tng
BI" o7o B.

4. Aiveton tpiywvo ABIT n oiyorouog tov AA, n
o160uecog tov AM xor o mepiyeypouuevos kokiog (K)
700 Tp1yvov AAM. Av E, Z eivau to onueio toung twv
AB ka1 AT ue tov kvkio (K) avtiotoryo, va amodeilere
ot BE=IZ.

I'ENIKEX AXKHXEIX

1. Eotw AB, IA §vo sv@bdypouuc tuuare. Ixavi ko
avaykaio ovvOnkn, wote ABLIA eivau va 1oydel ot
Al? — AA? = BI? — BA.
2. Aiverar tpiywvo ABIT Av AA sivar n Siyotduog e
yoviog A , V& AmoogiceTe 0Tl

AB - AT = AA? + BA - AL
3. A4v M etvar 10 péco g mhevpdg BIT olvydviov
p1ycvov ABIT kou BA to dyog tov, va amodeilete Ot
AMP=BM?+AA-AI
4. Oczopnypuo Stewart
i) Eotw 4 onueio g whevpags BI tprycwvov ABI! Na
amooeilete ot1

BA-AT? + AT .AB? = BF(AA2 +BA~AF).

o drarvrwoete 10 Geapnuo. Stewart otay to ABI
vou 1000keAEG (AB=AT).

204

5. Adiveror olvydvio wpiywvo ABIT ue ﬂMy- Na

amoogilete otL:

DB+t = 5

ii) av A4 vwoc kor H 10 0pBoxevipo tov tprywvoo
ABI w0t AH - AA = 2a°.

6. Z= ocvydvio piywvo ABI pépovue ) Siduscso AM.
Av A 5 mpofoln tov M mévw otyy AB va amodeilete
611 BI?=3AB°+AI? — 44B-AA.

7. Aiveror kdxdog (O,R) pia axtivo. OA xaa yopdn BIC
wopdlinin mpog v OA. Na amodeilete Ot1 70
dOpoiouo AB>+AI” eivar orabspd.

8. diverau xvrdoc (O,R), uio Siduetpoc AB ko I, A ta
uéaa twv OA, OB avtiotoryo. Av uio yopon EH mwov

oiépyetar oo to I eivar EH = 5 R, va amodeiéete

ol EﬁH =]JL.
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ApacTnproTnTeg

1. Atveton opOoyairvio kau 1000KEIéS Tpiywvo ABI (/i = IL) ue ioeg mAevpég
o . 2to nuueninedo axuns Bl wov dev wepigyel to A Oecwpoiue to opboywvio
BIAE pe BE=a. Eotw Z, H o1 mpofolés twv B, A aviieroryo otyv EI
IlpoomaBnote vo, avokoddyere emomtika ) oyéon twv tunuatwy I'H, HZ
ko1 ZE Kou oty cOVEYELD VO OTOOEICETE TOV 1GYVPITUO OOG.

2. Me xoxédinin yewuetpixr kotaokevlj mpocdiopiote v “oxpify” Oéon twv
op1uwy V'3, = V3 ko V5 mave otov déova twv TPAYUATIKDV OpIOUDV.

Epyoacio (Pilikos alovag 6vo Kokiwv)

Na. fpebei 0 yewuetpiog t10mog twv anueiny mov EYovy Ty iola dvvoun
¢ mpog ovo kvokiovg (K, R) kou (A,p) otov:
i) O1 koKlot téuvoviar (Ymodein: pépte v ko xoporn tovg),
i) O1 koKlor epamroviou (Yrooeiln: pépte v ko epomrouévy),
iii) O1 kbKlot givar o évag eCwtepikdg tov dllov (Ymoderén: ypnoiuo-
woujore 10 mpofinua 2 e §9.6).
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/

IXTOPIKO XHMEIQMA

To wpopinpa tng dwaipeons o€ pEGO Kol AKPO

A6YO

H mpoéhevon tov mpoPAnipatog g Saipeong
£vOG eLOVYPALLOL TUNIOTOG GE 0VO HEPT|, £TOL, DOTE
TO UEYOAVTEPO TUNLO TOV Vo ival HEST OVOAOYOG
QVAUESO GE OAOKANPO TO TUNWUO KOL TO UIKPOTEPO
TUNpO TOV, INAAON a:x = X: (0 — X), OEV ival IGTOPIKA
eaxpifopévn. Opiopévol totopikoi avdayovv v
mpoérevot| Tov oty [Tubayopeta oo, GuVEEoVTag
TO ME TNV HEAETN TNG TETPAY®VIKNG e&lomong
X2 +ax=a’? , Omog epeovileTol o€ YEOUETPIKY YADGGO
oto Bifiio I tov «Ztoryeiov» Tov EvkAeidn 1 pe tnv
avokdAvym g aovppetpiog oy apyoic EAAdda,
Kot GAAOL e TNV KATAGKELT] TOV TEVIOYDVOL OO TO
Beaitto mepi to 386 n.X.

Xra «Xtoryeioy Tov EvkAeidn to mpofAnpa avtd
spoaviCeton ota £€ng Bipiio:

1. oto BiAio II (ITpotdoels 5, 6 kor 11), Tov cov-
déetan pe TV «mopoforr xoplov»y Kot Kot co-
vénelo, pe v e&looon X2 + ax = o,

2. oto Birio IV (Ilpotdoeg 10-11), katd v Ko~
TOOKELT] TOL KOVOVIKOD TEVTAYDVOL,

3. o1o Birio VI (Opropde 3 ko Ipotdceig 29-30),
omov o Evikeidng ypnoomnotet €vvorleg amd
yevikn Oewpia tov avaroyidv Tov Evdd&ov mov
extifeTon oto Bihio V (BA. Mérpnon).

4. oto Bipkio XIII (ITpotdoeig 16 kon 17), kotd TNV
KOTOGKELT] TOL KOVOVIKOU EIKOGOESPOVL KoLl d®-
OEKAEIPOV, GTIV OTTO10, EVEYETOL TO TTEVTAY®OVO.

Metd tov Evkdeidn 1o TpdPAnpa g droipeong
o€ PEco Kot Gkpo AGYO eREOVICETOL GTO OTOKAAOV-
pevo «Xopminpopo» 1 Bifiio XIV tov «Xtoyeiovy,
7oV amodideTar atov Y kA (206 at. m.X.). X10 £pyo
Tov ‘Hpova gupaviletor 6€ oyéon LE TOV TPOGOL0-
PLOUO TNG EMPAVELNG TOV TEVTAYMVOL KOL TOV €KL
Y®OVOV, Kot T «Zvvayayny» tov [énrov oty Koto-
GKELT TOL EIKOGOESPOL KL TOL SMOEKAEOPOV, KAONDG
Kot 670 OEmPLOTO GVYKPLIONG TV OYK®V TOVG.

Xmv Apafikn mapddoon dev vdpyovv evoei-
&elg el00ymyng g évvolog TG dlaipeomng evog TUn-
LOTOG 68 HEGO KOl AKPO AOYO, OV KOl GTO £PYO TOV
oA-Xovapil (mepimov 780-850), tov Aumov Kapid
(mepimov 850-930), Tov ApmodvA-Ovdpa (940-997/8)
K.4. e&etdlovral cuvaen TpoPAnaTL.

Xmv Evponaikny topddoon ot amoapyés g e-
AETNG TOV 1B10TATOV TG dtoipeong og LEGO KoL AKPO
AOY0 avayovtar otov Agovapdo tng [ilag | Oyumo-
vatol (mepimov 1180-1250), mov e&etdler petpid
TPOPANLOTO. TOV TEVIOYDOVOL KOL TOL OEKOYDVOL,
k0O®Og Kot TPOPANLOTO TPOGIOPIGHOD TOL OYKOL
TOV E€IKOGOEOPOV Kol TOV dwdekaédpov. O Dumova-

1ol givol MEPLOGOTEPO YVAOGTOG OO TO KTPOPANLLL
TV KOLVEMADVY, TToV ekTiBetan 6To «BiBAio Tov dfa-
ko (Liber abaci):
«[Iéoa Levyn KovvelMdV LopoV va yevvnBovv péca
oe éva ypovo amd éva Cevydpt KovvéMa; ... OTav M
@Yo TOV KOLVEMOV gival TETOl TOL KAOE Pva yev-
voov éva Ao Cevydpt kon apyilovv v oavomo-
pay®y™ To dgHTEPO UNVE LETA TN YEVVIGT| TOVG.»

O dwmovatot deiyver 6tL T0 TPOPANLA AVTO
odnyel ot yéveon g akoAovBiog
1,1,2,3,5,8, 13,21, 34, 55, 89, 144, 233, 377, ...
7ov ovopdotnke axolovdia (apdpoi) tov Dumova-
1ol and tov ®.E.A. Aodkag (Francgois Edouard
Anatole Lucas, 1848-1891) kot oynupotiCeton

) ; uy=1, u =1,

GOHPOVEL HE TOV KOVOVOL: 4y =y 4y ) -

H oyéon g axorovdiog avthg pe 10 Tpofinuoa
™m¢ dwipeong oe pEGO kot Gkpo AOYyo givor OTL TO
OP10 TOV AOYOV TOVL ETOUEVOV TPOG TOV TPOTNYOVLUEVO
6po G axolovdiag 1Go0ToL HE THV T TOV HEGOV
Kot akpov Adyov, nhadn pe ™ pila g e&icwong
X2+ ax = o, kou gtvor Gppnrog apldpos. Aev vidp-
yovv evoeigelg 61t o Dumovarol yvapille ™ oxéon
QT 1) OTOi0 OTAVTATOL OPYOTEPE GE LAONULATIKOVG
tov 16ov-1700 ar. (Kémhep, Zipdp, Xipmcov). H
YEVIKT] LOPON TOL V-00TOD Opov Tng akoAovBiog

DumovaTol u, = % [( 1 +2\/§ )V*' B ( 1 2\/E )v+|:|

dnpoctevtmke to 1843 and tov Z. Mmwvé.

To 130 1. 0 LETOPPOCTAG KOl GYOALOGTHG TOV
Evickeidn Kopmavog g Nofdpa mpocHéter oto
Biprio XIII tov «Ztoyyeiov» (1482) pia mpotoon
mov  meplEyel o opluntikn  omddelEn g
acvpUETpiog eVOg VOVYPaALLIOL TUNHOTOG KOl TOV
dvo pepdv oV oL AapPdvovtat oo T dlaiPEST) TOV
o€ LEGO Kat GKpo AOYO.

To 150-160 ai. avalmoyoveitar To volPEPOV
TPOG T Jl0iPEST € HEGO Kat Gkpo Adyo e oyéomn pe
TG epapuroyes g oy 'eoperplo ko mv opyre-
KTOVIKT]. XT0 TAOIGL0 0VTO EWGAYETOL O OPOG «YXPLGN
Toun» amd tov Agovapvto via Biviot. To 1509 exdi-
deton «H Ogikn avoroyio» (Divina proportione) Tov
Aovkd [Totooh (L. Pacioli, 1445-nep. 1514), mov av
Kot glvor €0KE aplepopévn 6to TPOPANLe TG
doipeong oe péGo Kot GKpo Adyo, M HoOMUOTIKN
Sampaypdtevon tov Bépatog ivorl pdAiov advvarn.
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Metpkég oyéoels
67O TPly®VO

v Y

MvOayopero Ocpnpo BOzapnpa Swopéocmv

2

N o
o’ =p*+y’ o A=1IL lo@A: B + 77 = 2u + —

20 ©.A.: B? —y2 = 20MA

l

I'evikgvon [MvBayopeiov Ynoloyiopég Tov dwopécov
A< 1L: a? = [32 +y2 —2B.AA TPLYOVOV

A>1L: o? =B% +72 +2B.AA
|

v v

[Ipocdropiopodg Tov Nopog cuvnuitoveov YmoAoylopog TV VYOV

gidovug Tprydvov wg mpog o’ =B* +y* — 2By - cuvA  y, = 2\/1(1 —)(T-B)T—7)
TIC Yovieg a

MeTpikég oyécelg 6€ KOKAO
P QzOpnpa repvovs®v: PA -PB = PT - PA
P> Ewd1k1 nepintoon spantopévne: PE?=PA -PB

> Avvoun onueiov og pog Kokro: AR = OP>-R?

(O.R)

P

* To P civan e€mTepkd onpeio Tov kvkiov (O,R), av kot pévo av A(o R

)>0.

* To P givan ecmTepkd onpeio Tov kvkiov (O,R), av kor pévo av Azo R) <0.

* To P givan onpeio Tov kvkiov (O,R), av kot povo av Az’o R) =0.

207




KE®DAAAIO 9




