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Kaopteowvo enimedo — Xovretaypnéveg onpueiov

¥’ éva eminedo maipvovpe 600 kdbetovg dEoveg XX ka1 y'y pe kown apyn O
Kot povadiaio davdopato i kot j ovrtiotoya, wov £ovv 1o 010 unkoc. Ot

dvo

avtol  GEovec Aéue oOtTL  opilovv  éva Y v
0pBoKaVOVIKO GVOTNG CUVTETAYREVOV GTO My(y)p========~~ *
87tli£85_.0. To cvomua avtd to cvuPorilovpe ) i
(0,1,j) 1 Oxy. O déovoc x'x Aéyeton Il ! -
atovag Tov TETuMRéVOV Kot 0 Gfovag yy X ol i Mx) X
Aéyetal GEOVOG TOV TETAYREVOV. V'

‘Eoto topo onueio M tov emimédov. And 10 M @époupe gvbeieg mapdiinieg
TPOG TOLG AEOVEG, Ol OTTOIEG TOVG TEVOLY ota onueian M, ka1 M, .

Av ovpPoAicovpe He X Kol Y TOUG HOVAOIKOUE aplBodg Tov avTioTolyoby ota
onueia M, koau M, avtictotya, T0TE :

= O apBudc x Aéyetal TeTumuévn Tov onueiov M,

= 0 oplOuog y Aéyeton TETAYPEVT TOL oneiov M.

H tetunpévn ko n tetaypévn tov onueiov M Aéyovion cuvreraypéveg tov M.
Me 1 Sodkacio mov mEPIYpAYANE TO TAVEO, o kdbe onueio M tov emimédov
avtiotoyel axpipac éva dwatetayuévo Levyog (X,y) ovvietaypévov. AAAG Kot
avTIoTPOPMG, oe KAabe dwatetaypévo (e0yog TPOYUATIKOV oplOUdY ovTIGTOLYEL
akpPag éva onpeio M Tov emmédon TOL £YEL TETUNUEVT X KoL TETAYUEVN Y. AVTO TO
onueio to opilovpe g e&ng: Tldvm otovg GEoveg XX KOl Y'Yy Taipvove To onpeio
M, xov M,ta omoilon éyovv teTunuévn X kot teToypévn y avtictoyo. Amd To
onuela avtd @épovpe evbeleg mopdiinieg mpog tovg dEovec. To onueio Toung
avTOv TV gubeiwv egivar 10 (nrodpevo onueio M. ‘Eva onpeio M mov éyet
TETUNUEVT X KO TETAYHEVT Y cupPoAriletor e M(X,y).
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r N y
Hapdaderypa: | 4B
|
Y10 dumhavo oy etvot: i
A(171) » B(275 ) 277) r(za _2) 1 ____’A :
|
A(-1,5, -1,5). 15 i 2 |
¥oon ol 1 a2 x

|

o |

A&— ————— -1,5 !
-2 '——, ————— -61—v

y

LUVTETAYPEVES OLAVOGNOTOS GTO ETITEDO

—_—

‘Ectw AB éva didvuopa Tov Emmédov.
Ao o A ko B @épovpe Tig kaBeTeg Tpog
toug dvo a&oveg. Kat’ avtd tov 1pdémo
v otov x'x opiletar 10 didvucoua

—_—

A B, xat otov y'y opileton 10 Sdvocpa

A,B, .

(Ztnv mepintoon mov iyope To ﬁ, B0 opifovtav otovg AEOVEG e TV TOPAKAT®

dwdwacio ta B|A; ko B,A, ).

Eneidn A,B, /1 xa A,B, // j O &xovpe: A1B1=X-T Kot A,B, =y-j.Opoc

AB= A B, +A,B, (kavovag naparinAoypappov), £1ct

AB=AB, +A,B, =x-i+y-].
O x Aéyetor teTunuévn tov AB Kol 0 Y TETOYREVY] TOV E Kot ot 800
amoTeEAOVV TIG cvvteTaypéves tov AB ko ypdoovpe AB (x,y) 1 AB=(x,y). Etot,
av AB=(5,-2), avtd onuaivel 611 AB =51 — 23 .

—_—

Ta dwvdopato xi kot yj Aéyoviol cvvieT®esg tov AB katd t dievBuvon

TOV 1 Kol j avtioTtouya.
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AmodeucvoeTal OTL:

Ye kGBe davuopa o avTioTolyel éva Kot uovo Cauyog TPAYHOTIKOV optOpdv

(X,y), Ol GUVTETAYUEVES TOV KO 1oYDEL O = X1 + y] x,yeR.

"Eto1, 800 dravocpota Tov emmEdov ivar ica, av Kot pévo av ol avTicTory e
GUVTETOYREVES TOVG Eivan Toec.

Av yvopilovpe Tig cvvtetaypéveg 600 SOVLCUATOV O Kot E, TOTE UTOPOVLLE
va Bpodue TIC GLVTETOYUEVEG TOL 0fpoicuaTog o +B , TOL ywouévov Ad, AeR,
oAMG kol kGBe  ypouukod cuvvdvacpod  Ad + pB ,LueR  avtov 1oV
davvopdrav. [pdypaty, av o =(x,,y,) Kot E =(Xx,Y,), T0T€E:

= GHB=(T Y+ (Kl +Ya)) = (% X))+ (3 + 2]

dnradn o1 cvvtetaypéves Tov abpoicpatog 60 davuoudtov givar ioeg pe
T0 d6p01ciua TV owticzmxwv Esvvrsrowuévwv TOVG.

" da=Mxi+y ) =Axi+Ay ],

ONAON Ol GLVTIETAYHEVES TOV SLVOGHOTOG A0 Eivol {GEG e TO YIVOUEVO

TOV A €71 TG OVTIOTOLYEG GUVTETAYUEVEG TOV O .
= Epyalopevol avdroyo Ppickovpe Kot TIC GUVIETOYUEVEG TOV SLOVOGHOTOG
A+ pup,ApeR.
Etvou: Aa+ pB=Mx;1 +y,j) + p(x,1 +y,)) =(Ax; +px,)i+ Ay, +py,)J,
onAadh Ao+ ppB = (Ax; + px,, Ay, +H1y,).
Inueioon: Eivar eavepd ot11, av n tetunuévn evog daviouatog o # 0 eivan
undév tote a// y'y, evo, av 1 teTaypuévn tov givar undév, tote o //

X'X.
E®APMOTI'H VA
4
210 oumAavd Gy oL Z
1) Na PBpebodv ot wvrsrayuévsg TV ¥t
Swvoopdtov G, B, ¥, 8, —d,—PB,—7., oy O
-5 ,Ka0MOG Kot TOV SlovuoHAATOV O —[3 7 .
O s
2a+3 B , ¥-3 5. i X

2) No eKk@paceTe TO SIAVUGHO [3 OC YPOUUUKO GUVOVAGHO TOV O Kol Y .
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Avon

1) @=@2,1), po —d=(-2,-1), B=(1,2), —-p=(-12) , ¥=(2,-2), -7 =(2.-2) ,
0=(2,-1), —0=(-2,1).
a—-B=at+(-p)=(2, DH(-1,2)=2 -1, 1+2) = (1, 3).
20 +3[§=2 2,H)+3(1,-2)=(4,2)+3,-6)=(4+3,2-6)=(7,-4).
v-3 5= v +(-3 5 F2,-2)+[-32),-3-1]=(2,2)+(-6,3)=(2-6,-2+3)=
=(-4,1).

2) To divuopa ﬁ EKQPALETOL MG YPOUUKOS GUVOVOGHOG TOV SUVUGUAT®V O
Koty , 6ToV VAAPYOVY TPAYUOTIKOL AptOpol KA KoL 1oYVEL B =xa+ry. (1)
Ba TPooTaHNCOVLE VO, VTTOAOYIGOVLE TOVG APIBHOVS K KOl A.
A7o TO TPMOTO EPOTNA PpriKapE OTL:
a=2,1), p=(1,-2) kar =2, -2).
‘Etol, ka=«k(2, 1)=(2x, k) kot XB =\ (1,-2) = (A,-20),
Gpoka +AB=(2k, 1)+ (A, -20) = 2k +A, 1-20).
Enopévog n (1) ypdoetor:

(1,-2)=Q2x+A, 1-20) 7
2k+A=1 (o) xou 1-2A=-2 (B).

Amd ™ (B) Bpiokovue 6TL A =% Kot omd Vv (o) Ba Eyovpe 2K + % =1

PR
) v

A=

1 1 =
<:>21<:1—é & 2k=—-— & k=-—.Apa B=-
2 2 4

I'evikétepa, amodeikvdetan 0Tt e T fondeta 600 Un cLYYPOLULUK®Y SVUGHATOV
umopel vo. EKQPPOCTEL KOTO TPOTO MOVOIIKO £va OTOL0ONTOTE
SLavucpa Tov emESOV OV 0pilovV AVTA.
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LUVTETAYREVES OLAVOGIOTOS TOV 0TTOI0V YVOPILOVNE TIG GUVTETAYUEVES
TOV GKPOV TOL.

pZ
- B
‘Eotw didvoopo. AB, tov omoiov to Al (22)
Gxpo €xovv ovvtetaypuéves A(X,y,) Kot
B(x,,y,). Tote Ez @ - O_A 1) . Opmg
aézxszryzj Kot O_A>=xﬁ+y,3. > 0 g
‘EtoLomd ™ oxéon (1) maipvovpe: g

AB= X2Y + ij - (le + Y1_J:):
=Xy =x)i+(y,—y)j-

Emopévmg, yuo Tig cuvtetaypéveg Tov S10vOGLOTOG AB 6u €yovpe:
TETUNUEVT AB = tetunuévn B - tetpumuévn A

TETAYLLEVN E = tetoypévn B - tetaypévn A

Hoapadstypo

Av A(2,-3) xotrB(-2,8), 101¢ 10 ditdvocua AB €XEL CLUVTETAYUEVEC:
X=Xp—X,=—2-2=-4,

Y=Yg—Ya=8-(-3)=8+3=11,
oniadn AB= (-4, 11). TOEA; €YEL GUVTETAYUEVEG :
X' =X, —Xg=2—-(-2)=2+2=4
Y =yxa—yg=-3-8=-11

oMradn BA = (4, -11), k1 TOL AVOUEVOTAV, OLPODV TAL ABkot BA givon aveiferto.

E®APMOI'H

Noa BpeBovv ot cuvietayuéves Tov pécov M evog evBiypappov tufuatog AB,
av ivat YvOGTEG 0L GUVIETAYUEVEG TOV AKPOV TOV.
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Avon
‘Eoto (X;,y,) kot (X,,y,) Ol CUVIETAYHEVES ‘
v onpeiov A kot B avtictoryo kot (X, Yy ) ot /./f‘?(xbyz)
GUVTETAYUEVES TOV Eou M 1ov AB. Eyovpe: Alo) M)
Yvvietoypuévec AM: X =Xy — X4 =Xy — X
Y=YmM~=Ya=YMm Y- 0] X

Xvvtetaypéveg MB: X' =X — X =X, — Xy,

Y=Ys—Yu=Y2 " Ym-

Enedn KA:WB T0Te (X — X, Ym — Y1) = (X =Xy, ¥2 —Ywm)

X, + X,
— — XM=~
r{XM_Xl_XZ_XM , {2XM_X1+X2 , 2
n n
YM—Y1=Y2"Ym 2y =y1+Y2 Yty
YM="—F
2
X, + X +
Qote: Xy=—1—2 KOl Yy = N ‘
2 2
Métpo davoepoTog
YA
, . . o , B(x2,2)
Eoto éva didvoopa AB to dkpa Tov /
omoiov A,B  éyouv  ocvvretaypéveg
(x4,y;) ¥t (X,,y,) avtiotorya. Tote ot AG)
ouvTeETAYUEVES (X, ¥) TOL SloVOGHOTOG 5 >
_ X
AB givan: x=x, =X, KOl Y=Y, —Y,.

Onog pog elval yvootd amd mwponyoduevn 1aén, N andotaon Tov onueiov
A(X,,y,) ko1 B (x,,Yy,), mov cupforiCovpe pe (AB), divetar omd tov TOmO :

(AB) = \/(Xz - X1)2 +(y,— Y1)2 @
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Eneidn opwg (AB) = ‘A_B" , X, =X, =X Kol y,—-Yy,; =y, 0mov (X, y) ot

GUVTETAYHEVES TOV O10VOGLLOTOC AB , 0 TOPOATAV® TOTOG TOUPVEL T1 LOPON:
‘TB‘ /x4y @

Qorte:

To pétpo €vog S10vOGUATOG O LE GUVTETAYUEVES (X, Y) 1000TOL [E TNV
TeETpOy@VIKN pila Tov aBpoicUATOS TOV TETPAYOVOV TOV GUVIETOYUEV®V

Tov, dnhadh [af =x* +y’

E®APMOIEL |

1. No Bpebel to pétpo Tov dovucuaTog AB pe A(-1,-2)xan B (2, -3).
Avon

—_—

Ba Bpovpe TPOTA TIG GLVIETAYUEVES TOV dlovicpatos AB kot ot cuvéyeia Ha

epappocovpe Tov TOmo (2) . Ot cvvtetaypéveg (X, y) Tov AB glvar :
X=Xg =X, =2—(-1)=3 xou y=yg—yxr=-3-(-2)=-1, dnhadn

AB=(3,-1), pa ‘E‘:,/sz (=1 =0 +1=410.

2. No anodei&ete 611 10 Tpiywvo ABI pe A (-2, 4) , B( 1, 2) xou I" (3, 5) sivan
opBoy®V10 KO 1IGOOKEAEG.
Aven I3.,5)

Apywd Bo vToloyicovpe To UK TGV

TAELP®V  TOL TPLYDVOL KOl  OTN

ovvéyeln, Ba KAvovpe TIC OvAAOYEG

oVYKpiceLs.

"Exovpe anod tov tomo (1) :
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(AB)=4/(1-(-2))* + 2 -4 =/3* +(-2)* =9+ 4 =413
(AT) =G~ (-2)* + (54 =V/5> + 1 =251 1=426
(B)=+/G-1* +(5-27 =22 +3* =4 +9 =13.

= Apob (AB) = (BI'), 10 1piywvo ABI givol icockeléc.
= Eivar (A)? =(+/26)* =26

(AB)? + (B)? = (/13)? + (\/13)? =13 +13=26
Anaadn, (AD)? =(AB)* +(BI)?, apo 10 tpiyovo ABI givar opfoydvio kat
néoto B=90° .
TovOiqkn mrepariniicg 0V0 SLEVUCRATOV

‘Ect® dvo cvyypapkd dtavoopoato o =(X;,y;) Kot [§= (X,,Y,) e x, #0 xon
y, #0. Apov 10 a, Bsivou CUYYPOUUIKA, GLVOEOVTOL LE TN OYECN O = KB ,
k € R, n omoia ypdoetar icoddvapa: (X,,y,) =k(X,,¥,) 1 (X;,y;)=(kX,,KY,)

X
— =K
X, =KX X
U { P Lape =2 (1),
Y1 =Ky, AT, X5 Y
Y2
"Qorte: a//B , av Kkat poévo av %z% pe X, #0 ko y, #0
2 2

Aniadn|, dvo drovocpata gival TapAAANAa, OTOV 01 OUDOVVUES GUVTIETAYUEVEG TOVG
etvan avaroyes.

HMoapaderypas:
* Ta dwvdopota a= (2,-3) «or P=(-4, 6) eivor wopdAinio, @OV
2 -3 1

—4 6 2
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»  gvd To dvdopata o= (3, 5) kot B=(2, -1) dev eivor mapdAinia, aEov
3 5
—F—.
2 -1

Av 1o ovyypoukd Swavoopoato o =(X;,y;) ko PB=(X,,y,)dev &ivar

TopaAAnia otov y'y, dnhadn, otav x, =0 kot X, # 0, 10te N o)Yéomn (1) pmopel va

YPOPEL, COLP®VA LE YVOOTA W10TNTA TOV AVOAOYIDV, Kol MG EENG: 2N
X2 X
Snhadn 6 //B, av kat povo av 2 _ 9
X, X

[Mapatnpovpe Aouwdv 6t 0 AOYOC A N NG TETAYUEVIG TTPOG TNV TETUNUEVT
S|
evog dovoopatog a=(X;,y;) e X; #0 kabopiler kot t devbvven tov, 0o,

Kké0e aGAlo ddvuoua [§= (X5,Y,) Me Y2y éyel v 101 drevbuvvon pe 1o a. O
X2

AOYOG kzﬁkéysrm ovvTELESTIG O1evBuveng tov dwvdoupatog o. ‘Etol, m
X1

ovvOnkn Tapariniiog dvo dovuoudtoy o Kot E pe ovvtedeotég dlevbuvong A,

Kot A, ovtioToyo Stotumdvovtot o¢ eENG:

a /P, av Kol povo av A=A,

E®APMOI'EX

1. Na Bpebel o mpaypatikdg apbpds p, dote ta dwavoopota o= (2, p) Kot
B=(4, p-1) va eivon Tapddinia.

Adon

To dSuvvopa a €xet ovvieheoty dSevbuvvong A, :% Kot t0 P €gel

-1 B
ocvvteleot devbouvong A, :“T' Etvaw a//B av kot péovo av A, =4, <

1
E:“T & du=2u-1) & 4u=2p2 < dpdp=-2 < 2u=-2 S p=-1.
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2. Na Bpebein Ty Tov , p € R wote ta onueia A (1, 0) , B(w, 3) wou I' (2, -1)
va gtvat cuvevBetod.

Avon

—_—

Ta onueia A, B, I' Oa gival cuvevbelakd, otav ta dwavicpoata AB kot BIT givat
TapAAANAoL.

O1 cvvteTayéEVES TOL AB elvan AB =(u-1, 3-0) = (u-1, 3)
ka1 ot cvvtetoypéveg tov BT elvan BI'=2p-p, -1-3) = (u,-4).

—_ 3 —_—
To dbvoopa AB €xel cuviedeotr| dievbuvong A, =—1, p=1, evdd 1o BI'

u —
. e -4
€yeL ouvtekeotn) devbvvong A, =—, u#0.
u
3

'Eton, AB//BI & = -4 < 3u=—4(p-1) < 3p=4ptd < Tu=4
n- [

—

ol
w=c

Av p=1 Ba elvan E// vy, eved av u= 0 Ba etvon Bl y’y.

AXKHXEIX

—_— — — —

1. No BpebBodv ta pétpa tov davvoudtov : AB, BI', TE, EZ.

2. No onpewwbodv oe ocvotua cvvietaypévov ta onueia A2, -1) , B(0, 4),

F(—%,—3) ,A(-5,-2), E(-3,0) ,Z(—%,O).

3. No moapactoete 6° éva cvotnpo a&dvav ta onpeia Tov £xovv dovdcuota
0éonc:
(@) OA=i-2] (B) OB=3i-5] (y) Ol =—2i+3].
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10.

11.

12.

13.

14.
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Noa Bpebodv o1 Tipéc Tov A,u € R, yo T1g omoieg ta dtaviouarta o= (u-1, 41)
Kol B=(3,k+l) glvan ioa.

Avia=1- 33 Kol E =31+ 3 , vo. Bpebovv ta drovoopoTa:

() 6+ lB (i) a—2B (i) 3a—4B (iv) —2a-3p

o

Av AQG, -2) , B (-4, 3) xou I' (-3, 0), va Ppeboldv o1 cvvieToypéves Tmv
dwvvoudtev : AB, Al', BI', -3BI.

Av A(5,3) kot AB =(4,9), va. fpebovv o1 cuvtetayuéveg Tov onueiov B.

—_—

To dbvvopa Béong Tov onueiov A givar OA = 21 —3 Kot 1o ddvououa Béong

Tov B etvan @ =i- 4] . Na Bpebotv : (i) To pétpo tov AB ,
(i) 1o ddvvucpa Béong tov pécov M
Tov AB.

Atvovton ta onueio A (2,-1) , B (-4, 0) xou I'(-3, 1). No Bpeite to. unxn tov
TAELPOV KoL TOV OlOUES®Y TOV TpLtydvov ABT.

To onueio M (-1, 4) eivar to péco tov gvBHypappov tunpatog AB. Av 10
onueio A éyel ovvtetaypéves (2, 5). Tloweg etvan o1 cvvtetaypéveg Tov onpeiov
B.

b

AvA4,5) ,B(x, 2)xu

A_B" =4, va Ppeite tovxeR .

Atvovton ta, onueia A (-3, 1) ka1 B( -1,3) . Na Bpebei onueio I' tov d&ova vy,
®ote 10 Tpiyovo ABI va givar 1oookelég pe Baomn v mievpd AB.

Atvovtar ta onueia A (-3, 1) , B (1,2) ,T' (-1, 3) ko A (-5,2).

1) No amodeifete 011 10 ABI'A glvan mapaiinioypappo.

i1))No, PpeBodv ot cvvtetaypuéveg Tov onueiov TOUNG TGV JAYOVIOV TOL
TOPOUAANAOYPALLLOV.

Aideton to Sdvoopo o =(2,-3). Tlow amd to TopakdTe Svdcuato sivol
mopdAnio pe 1o o ;
D B=G,-1) 2)y=(4-9) 3)8=(-46) 4) £=(-2,0) 5) n=(-6.9)



