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Abstract





In this work we present evidence from which the following are concluded:


The method of mathematical induction, first used by the Pythagoreans, was in�troduced as a proposition by Aristotle and is often used in problem solving, in many ancient Greek mathematical documents.


The diofandic equation � EMBED Equation.3  ���, known as the Pell equation, which Fer�mat introduced in the 17th century, had been solved for specific values of D by the Pythagoreans and Archimedes, as we can see in their work. Furthermore, the an�cient Greek used the method of mathematical induction in order to solve the Pell equation.





Περίληψη: 





Στην εργασία αυτή παρουσιάζουμε στοιχεία από τα οποία προκύπτει ότι:


Η μέθοδος της τέλειας επαγωγής πρωτοχρησιμοποιήθηκε από τους Πυθαγορεί�ους, διατυπώθηκε ως πρόταση από τον Αριστοτέλη και χρησιμοποιείται πολύ συ�χνά σε αρκετά αρχαία ελληνικά μαθηματικά κείμενα κατά τη λύση προβλημάτων. 


Η διοφαντική εξίσωση � EMBED Equation.3  ���, που είναι γνωστή ως εξίσωση του Pell, την οποία εισήγαγε ο Fermat το 17ο αιώνα, είχε λυθεί, για ειδικές τιμές του D, στα έργα των Πυθαγορείων και του Αρχιμήδη. Μάλιστα, οι αρχαίοι Έλληνες κατά τη λύση της εξίσωσης αυτής χρησιμοποιούσαν τη μέθοδο της τέλειας επαγωγής. 





1. The method of mathematical induction





The majority of the methods of proof used today is found in the ancient greek docu�ments and especially in the work «Elements» of Euclid. For example, the reductio ad absurdum method of proof, used by the Pythagoreans, is often found in the Euclid’s «Elements» and is also systematically used by Archimedes, in combination with the method of exhaustion of Eudoxos. The  process  of  elimination  method,  the direct
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�
induction method, the analytical and synthetical method, as well as the method of mathematical induction are also found in the Euclid’s «Elements».


	The prevailing impression was that Fragiskos Mavrolykos (1494-1575) first, and Jacob Bernoulli (1625-1705), Blaise Pascal (1623-1662) and other mathematicians later, have been using the method of mathematical induction. However, the Pythago�reans had used the method of mathematical induction for the evaluation of the side and diametrical numbers, as we argue later in paragraph 2.2. The example we present in paragraph 2.2 is, according to B. L. Van der Waerden13, the most ancient example of the use of mathematical induction. In addition, Van der Waerden argues that the method of mathematical induction was also known to Zeno of Elea (495-435 B.C.)


Aristotle in his work «Analytica Posteriora» (Αναλυτικά Ύστερα)1 introduces the following proposition, which is a variation of the method of mathematical induction.


	«Τό καθόλου δέ  ]υπάρχει τότε, \οταν [επί το~υ τυχόντος καί το~υ πρώτου δεικνύηται».


	(=If a proposition is true for the first and a random, then it is true for all).


(«Analytica Posteriora», 73 b 32)





	The theorem of mathematical induction today is described as follows:





Let � EMBED Equation.3  ���a relation with a variable n, n a natural number. 


If


(i)	� EMBED Equation.3  ��� is true,


(ii)	The validity of � EMBED Equation.3  ��� implies the validity of � EMBED Equation.3  ���


then 


� EMBED Equation.3  ��� is true for all the natural numbers n. 





	The method of mathematical induction is also used in the Euclid’s «Elements» for problem solving, with the following form:





	If an assertion is true for at least two natural numbers and we prove that it is also true for one more random number, then this assertion is generally true.





We will present an example taken from the «Elements». This is the proposition 20 of the book IX of the «Elements», as we would put it forward today:





Proposition:


The prime numbers are more than any previous multitude of numbers. (I.e. the prime numbers are infinite in multitude).





Proof:


Consider that � EMBED Equation.3  ��� are prime numbers. I will prove that more prime numbers exist. We consider the number � EMBED Equation.3  ���. Number δ is either prime or not prime. If δ is prime then we have the prime numbers � EMBED Equation.3  ��� which are more than � EMBED Equation.3  ���. If δ is not prime, then it will be divided by a prime one. Suppose that it is divided by ε. I say that ε doesn’t coincide with any of � EMBED Equation.3  ���. Because, if ε is identified with, say, α, then it will divide � EMBED Equation.3  ���. It also divides δ. Therefore it will divide the number � EMBED Equation.3  ���, which is impossible. Therefore, in this case as well, we have the prime numbers � EMBED Equation.3  ��� which are more than � EMBED Equation.3  ���. Using the same procedure, we can prove the proposition for any multitude of prime numbers.





	The use of the method of mathematical induction also exists in the work of Ar�chimedes. A characteristic example is the one we present in paragraph 2.3, which Ar�chimedes uses in his work «Measurement of the circle», in order to prove that the ratio of the sides b and c of a right triangle ABC, with angles � EMBED Equation.3  ���, � EMBED Equation.3  ��� and � EMBED Equation.3  ���, satisfies the relationship:





�EMBED Equation.2���








2. The Pell equation in ancient Greek mathematics





2.1. Historical overview





Every equation of the general type


� EMBED Equation.3  ���										   (1)


is named a Pell equation. 


	This name is due to Euler (1707-1783). In the 17nth century P. Fermat (1601-1665) introduced the equation in co-operation with Frenicle2. They solved the equation for all the possible values of D, less than 150. Fermat sent the equation to J. Wallis (1616-1703), a significant English mathematician of those days, and asked him to find the solutions for all the values of D. Wallis and his associate Lord Brouncker solved the equation � EMBED Equation.3  ��� for every � EMBED Equation.3  ��� and for � EMBED Equation.3  ���. Later, Euler solved this equation with the method of continuous fractions. J. L. Langrange (1736-1813) gave a complete solution of the equation. However, unquestionable historical evidence shows that mathematicians and philosophers had dealt with special forms of equation (1), at least 500 years before Christ. As Theon of Smyrna (2nd century A.D.) and, later, Proklus9 (5th century A.D.) state, the Pythagoreans, in order to evaluate the side and diametric numbers, find a solution of equation (1) for � EMBED Equation.3  ���.





�
2.2. The method of mathematical induction and the Pell equation 


in the Pythagorean mathematics





According to Proclus, the Pythagoreans first proved the following theorem:





Theorem


	«If α and δ are the side and the diagonal of a square respectively, then � EMBED Equation.3  ��� and � EMBED Equation.3  ��� are the side and the diagonal of another square".





	They proved this theorem, as Proclus states, by using proposition 10), in the second book of Euclide’s «Elements».


	This proposition can be given by the identity:





� EMBED Equation.3  ���							   (2)





If we use the symbols � EMBED Equation.3  ���for the side numbers and the symbols � EMBED Equation.3  ��� for the diametric numbers, then, according to the Pythagoreans’ theorem, the following relationships are valid:





� EMBED Equation.3  ��� and � EMBED Equation.3  ���							  (3)





	The Pythagoreans postulated that the first square has a side and diagonal equal to 1 and, using relations (3) for � EMBED Equation.3  ��� and � EMBED Equation.3  ���, they found the following val�ues for the side and diametric numbers:





� EMBED Equation.3  ���							  (4)


	Combining the above values of � EMBED Equation.3  ��� and � EMBED Equation.3  ��� for � EMBED Equation.3  ��� we observe that the fol�lowing relationships are valid:


� EMBED Equation.3  ��� for even ν and


� EMBED Equation.3  ��� for odd ν.





	This shows that the side and diametric numbers of the Pythagoreans, as they are given in relationships (4), are the solutions � EMBED Equation.3  ��� for � EMBED Equation.3  ��� of the equation





� EMBED Equation.3  ���										    (5)





which is a Pell equation with � EMBED Equation.3  ���.





	According to B. L. Van der Waerden, the Pythagoreans proved the relationship (5) as follows:


	


	For � EMBED Equation.3  ��� it is valid, since � EMBED Equation.3  ���.





	By using the relationships (3) we have





� EMBED Equation.3  ���� EMBED Equation.3  ���





	From the last two relationships and the hypothesis that � EMBED Equation.3  ���, we derive





� EMBED Equation.3  ���





	So, the relationship (5) is valid for all the values of ν.


	


	This proof, according to Van der Waerden, is the most ancient example of proof by using the method of mathematical induction13.





	The above procedure that the Pythagoreans followed, can be applied completely in the solution of the equation:





� EMBED Equation.3  ���										     (6)


�
	In order to solve the equation (6), they initially find a first* solution � EMBED Equation.3  ��� of this equation. Subsequently, by using the method of mathematical induction, they prove that every pair � EMBED Equation.3  ���, with





� EMBED Equation.3  ���  και  � EMBED Equation.3  ���,   � EMBED Equation.3  ���			   (7)





is a solution of equation (6).





	Applying the relationship (7) we get an infinite number of solutions for both equa�tions





� EMBED Equation.3  ���											(8)


� EMBED Equation.3  ���											(9)


	


	However we must point out that:


	


	If � EMBED Equation.3  ��� is the first solution of equation (8), then � EMBED Equation.3  ��� for odd  ν  is the solu�tion of (8), while � EMBED Equation.3  ��� for even  ν  is the solution of (9).





	On the contrary, if � EMBED Equation.3  ��� is the first solution of equation (9), then � EMBED Equation.3  ��� for odd  ν  is the solution of (9), while � EMBED Equation.3  ��� for even  ν  is the solution of (8).





Indeed


	The pair � EMBED Equation.3  ��� is a solution of equation (8) and using the relationships (7) we have

















� EMBED Equation.3  ���





	Also, the pair � EMBED Equation.3  ��� is the first solution of equation (9). Using the rela�tionships (7) we have





� EMBED Equation.3  ���








The method of mathematical induction and the Pell equation 


in the work of Archimedes





Archimedes (287-212 B.C.) in his work «Measurement of the circle» uses a right tri�angle with angles � EMBED Equation.3  ���, � EMBED Equation.3  ��� and � EMBED Equation.3  ��� and proves that the ratio of the sides β and γ satisfies the relationship:





� EMBED Equation.3  ���





	Taking into consideration that � EMBED Equation.3  ��� (since � EMBED Equation.3  ���), and applying the Pythago�rean theorem we find that � EMBED Equation.3  ���. So


� EMBED Equation.3  ���


 


	It is easy to confirm that the numbers 265 and 153 satisfy the equation





� EMBED Equation.3  ���										  (10)





while the numbers 1351 and 780 satisfy the equation





� EMBED Equation.3  ���										  (11)





	The equations (10) and (11) are Pell equations for � EMBED Equation.3  ���. The constant term in equation (10) is � EMBED Equation.3  ��� instead of � EMBED Equation.3  ���.





	There are many interpretations of the method that Archimedes used in order to evaluate the above mentioned limits*. In the following we will present the interpreta�tion given by P. Tannery, which seems to describe better this method.


According to P. Tannery10, Archimedes evaluated first the smallest solutions of equations (10) and (11), which are � EMBED Equation.3  ��� and � EMBED Equation.3  ��� respectively. Consecutively, trying to evaluate approximate values of the � EMBED Equation.2  ��� with in lack and in excess approximation and using the above solutions, he evaluated higher order solu�tions � EMBED Equation.3  ��� for � EMBED Equation.3  ���


	For example, he found that for � EMBED Equation.3  ���, the pair � EMBED Equation.3  ��� is a solu�tion of (10), while for � EMBED Equation.3  ���, the pair � EMBED Equation.3  ��� is a solution of (11).


	He noticed that in each case we have:





� EMBED Equation.3  ���  and  � EMBED Equation.3  ���





In continuation he proved, with the use of mathematical induction, that the rela�tions:





� EMBED Equation.3  ���  and  � EMBED Equation.3  ���,  � EMBED Equation.3  ���			    (12)





give an infinite number of solutions for the equations (10) and (11).





	Indeed, if we consider the equation





� EMBED Equation.3  ���,     � EMBED Equation.3  ���									(13)





which is true for � EMBED Equation.3  ���, i.e. there are the smallest values � EMBED Equation.3  ���, � EMBED Equation.3  ��� that satisfy this equa�tion, then using the relationships (12), we have:





� EMBED Equation.3  ���





	Therefore, the equation (13) is true for every value of ν.





	Having a solution of the equations (10) and (11) and applying the relationships (12), Archimedes could evaluate an infinite number of solutions � EMBED Equation.3  ��� for � EMBED Equation.3  ��� Every such solution of (10) is an approximate value of � EMBED Equation.2  ��� in lack, while the respective solu�tion of (11) is an approximate value of � EMBED Equation.2  ��� in excess. 


	In relation to equation (10), if we start from the first solution � EMBED Equation.3  ��� and apply the relations (12), we will get:





� EMBED Equation.3  ���		� EMBED Equation.3  ���


i.e. � EMBED Equation.3  ��� is a solution of (10). Therefore the fraction � EMBED Equation.2  ��� is an approximate value of � EMBED Equation.2  ��� in lack.


	Successively, if we start from the solution � EMBED Equation.3  ��� and apply the relation�ships (12), we will get:


	� EMBED Equation.3  ��� � EMBED Equation.3  ��� and the fraction � EMBED Equation.2  ��� is an approximate value of � EMBED Equation.2  ��� in lack.





	Carrying on this procedure we get the solutions of (10), which are





� EMBED Equation.3  ���





	The values





� EMBED Equation.3  ���


are approximations of � EMBED Equation.2  ��� in lack.


	In relation now to equation (11), if we start from the first solution � EMBED Equation.3  ��� and follow the previous procedure, we will get successively the solutions





� EMBED Equation.3  ���


The values





� EMBED Equation.3  ���





are approximations of � EMBED Equation.2  ��� in excess.





	Archimedes uses the values � EMBED Equation.2  ��� and � EMBED Equation.2  ��� as approximations of � EMBED Equation.2  ��� in lack and in excess respectively. Namely, he proposes the relationships





� EMBED Equation.3  ���  or  � EMBED Equation.3  ���





	Of course, he could also use the relationships





� EMBED Equation.3  ���  or  � EMBED Equation.3  ���





	In the work of Archimedes we find many problems whose solutions lead to the solving of the Pell equation. For example, in his work «Cattle problem», in order to calculate the cattle of the Sun* (bulls and cows) of various colors, we need to solve the equation6


� EMBED Equation.3  ���										  (14)





where � EMBED Equation.3  ���and � EMBED Equation.3  ���


	The equation (14) is a Pell equation for � EMBED Equation.3  ��� and we seek the smallest root for ρ which is divided by 24657.


	


	Concluding, I believe that it is interesting and useful to see how, starting from the smallest solution of equation (1), we can find an infinite number of solutions. And, also, how these solutions, as we evaluate them today, coincide with those found by the Pythagoreans, 2500 years ago.





	If we accept that � EMBED Equation.3  ��� is the first solution of the equation





� EMBED Equation.3  ���										   (15)





then we have





� EMBED Equation.3  ���	since � EMBED Equation.3  ���.


	So


� EMBED Equation.3  ���, which gives 





� EMBED Equation.3  ���





� EMBED Equation.3  ���.





	Solving the last two equations with respect to χ and ψ, we find:





� EMBED Equation.3  ��� and 





� EMBED Equation.3  ���						(16)





	If now we accept that � EMBED Equation.3  ��� is the first solution of the equation





� EMBED Equation.3  ���										  (17)





then, following the same procedure and raising it to the power of � EMBED Equation.3  ���, we derive the solutions





						� EMBED Equation.3  ���





� EMBED Equation.3  ���					(18)





	Let’s consider, for example, the equation





� EMBED Equation.3  ���										   (19)





the first solution of which is � EMBED Equation.3  ��� and if we apply the relationships (16), we get:


� EMBED Equation.3  ���					    (20)


	Let us now consider the equation





� EMBED Equation.3  ���										  (21)





the first solution of which is � EMBED Equation.3  ��� and if we apply the relations (17), we get:





� EMBED Equation.3  ���					    (22)





	We notice that the values of χ and ψ given by relationships (20) and (22), which are solutions of the Pell equation





� EMBED Equation.3  ���





are identical with the side and diametric numbers of the relationships (4), as they had been evaluated by the Pythagoreans many centuries ago.


�
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*  By saying first solution of (6) we mean the solution � EMBED Equation.3  ���, where χ, ψ get the smaller integer positive values that satisfy equation (6).


*  See for example references 7, 8, 10, 11, 12.


*  «The Cattle Problem», written in the Dorian dialect, exists in 44 verses. It is about the calculation of the god Sun's bulls and cows of various colors. The cattle, according to Homer, were being pastured in the island Thrinacia, which is supposed to be Sicily.
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